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Abstract

We address the problem of evaluating the asymptotic, normalized distributions of a class of combinato-
rial configurations in random, regular and irregular binary low-density parity-check (LDPC) code ensembles.
Among the configurations considered are trapping and stopping #e¢se sets represent induced subgraphs
in the Tanner graph of a code that, for certain classes of channels, exhibit a strong influence on the height and
point of onset of the error-floor. The techniques used in the derivations are based on large deviation theory and
statistical methods for enumerating random-like matrices. These techniques can also be applied in a setting
that involves more general structural entities such as subcodes and/or minimal codewords, which are known to
characterize other important properties of soft-decision decoders of linear block codes.

1 Introduction

The performance and complexity of many well-known classes of decoding algorithms are influenced to a large
extent by combinatorial properties of the underlying linear block codes. An example includes bounded-distance
decoding, the performance of which is completely determined by the weight distribution of the code and the

transition parameter of the Binary Symmetric Channel (BSC). Similarly, the performance and complexity of certain

soft-decision decoding algorithms for codes used over the Additive White Gaussian Noise (AWGN) channel can
be characterized in terms of thefinimal codeword$i.e. codewords with supports that do not contain the support

of any other codeword) [1, 5] and the minimal codewords of their dual codes. Furthermore, for the Binary Erasure
Channel (BEC), iterative decoding techniques fail if the errors are confined to subsets of variable nodes forming a
stopping sef4], while for the AWGN channel a similar phenomena can be observed with respegpjing sets

[6], [15].

The problem of enumerating and classifying all the aforementioned and other combinatorial entities for a given
code is usually intractable. It is therefore of interest to find probabilistic methods that would allow for computing
theaverageof a chosen set of parameters for a given code ensemble, which can then be used to describe the averac
performance of the ensemble as well as the performance of a randomly chosen code from the given category.

*This work was supported in part by the DIMACS Center for Discrete Mathematics and Theoretical Computer Science.
1The problem of finding the asymptotic stopping set distribution was also addressed in [14], but for a different class of code ensembles



In this paper, we will be concerned with random LDPC code ensembles and with combinatorial structures
that bear an influence on tleeror-floor characteristics of these codes. LDPC codes are known for their excellent
performance at low to medium signal-to-noise ratio (SNR), but in certain cases these codes tend to exhibit satura
tion levels in the Bit Error Rate (henceforth, BER) curve for sufficiently high SNRs. This saturation in the BER
curve is known as therror-floor of the code. For a large class of codes, including those based on Cayley graphs
[17] or certain types of designs, error-floors exist for relatively low BERs. This prohibits the use of such codes
in storage and deep-space communication systems, which require extremely reliable signalling techniques witl
BERs below10~1°. For many other codes, error-floors cannot be observed directly, because they are out of reach
of standard simulation techniques [20]. In order to assess the properties of such codes, one has to utilize error-floc
approximation techniques basedsinppingandtrapping-sefclassification. Stopping sets were introduced in [4],
while the more general notion of a trapping sets (sometimes referred toeas-aodeworjiwas first described in
the context of error-floor analysis in [11]. The latter concept was further developed in the seminal paper [15], in
which trapping set configurations were shown to influence the point of onset as well as the slope of the error-floor
curve of LDPC codes. The method described in [15] relies on a computer-search strategy and may not lead to th
identification of all possible trapping sets.

This paper describes a novel and conceptually simple method for analyzing the asymptotic behavior of the dis-
tribution of both trapping and stopping sets, based on enumeration techniques described in [9] and large deviatiot
theory [3], [2]. The latter problem was previously analyzed in [14], by using involved combinatorial methods.
The techniques described in this work also provide a simple framework for evaluating the distributions of other,
more complicated, combinatorial entities. The main contributions of the paper consist in identifying a universal
method for analyzing configurations in LDPC code ensembles and in deriving novel results concerning trapping
set distributions in random, regular and irregular LDPC code ensembles. The obtained results indicate a strong
dependence of the asymptotic behavior of the number of such sets on the column and row weights of the ensembile
and the rates of the underlying code ensembles.

The paper is organized as follows. The terminology and definitions needed for subsequent derivations are giver
in Section 2. Section 3 contains the main results: the asymptotic distribution of trapping sets of constant size anc
size linear in the length of the codes for regular and irregular LDPC code ensembles. Section 4 provides a simplifiec
proof for a set of results in [14] related to stopping sets. Section 5 contains numerical results complementing the
analytical formulas derived in Section 4, as well as a description of the expected error-floor properties of the
investigated code ensembles.

2 Definitions and Terminology

2.1 Stopping and Trapping Sets

LetH be the parity check matrix of dn,k,d] LDPC code, and le&(H ) denote its corresponding bipartite Tanner
graph. The columns dfl are indexed by variable (left-hand side) nodésf G(H), while the rows ofH are
indexed by check (right-hand side) nodesGiH ). We are concerned with the following subsetsidthat play
an important role in decoding LDPC codes over the Binary Erasure Channel (BEC) and Additive White Gaussian
Noise (AWGN) Channel.

Definition 2.1 A stopping setSy(n) is a subset of nodes in?/, for which the induced subgraph ®&(H)
contains no check nodes of degree one.



Definition 2.2 A general((a, b)) trapping setZy, is a configuration o& nodes from’, for which the induced
subgraph irG(H) containsb > 0 odd-degree check nodes. Atementary((a, b)) trapping seis a trapping set for
which all check nodes in the induced subgraph have either degree one or two, and there ar® egetg-one
check nodes. The sets of &l b)) general and elementary trapping sets in a Tanner graph of a code with parity
check matrixH will be denoted byQ,p(H) and®,,(H), respectively. Of special interest are trapping sets for
which botha andb are relatively small.

Two examples of the incidence structures corresponding to elemeiifaty) and((3,9)) trapping sets of a
(3,%) regular LDPC code of length > 30 are shown below. The variablgsandc; represent the indices of the
variable and check nodes in the induced subgraph.

The role of stopping sets in iterative decoding of codes used over the BEC channel is well-understood, and &
detailed description of the connection between stopping sets and both the bit and frame error-probability can be
found in [4]. For more general classes of binary-input, symmetric output channels, the influence of trapping sets
on the onset of error-floors in LDPC codes is associated with the following phenomena arising both due to the
properties of the code graph and decoding algorithm, as well as to the realization of certain special channel-noise
configurations.

Vi V2 V3 Vg W VioV2o Vs
1 V2 4
3 > g 1 0 0
cc 1 0 0 0 O
c;c 1 0 O
c;c 1 1 0 0 O
cz 1 0 O
cz 1 0 1 0 O
¢ 0 1 O
¢ 01 0 1 O
cs 0 1 O
cs 0 1 0 O 1
cc 0 1 O
Cs 0O 0 1 1 O
¢c;c 0 0 1
c;c 0O 0 1 0 1
Cg 0 O 1
cg 0 0O 0 1 1
cg 0 0 1

At the first several iterations of belief-propagation, due to the presence of special low-probability noise samples,
variable nodes internal to one particular trapping set experience a large increase in the reliability estimates for
incorrect bit values. This information gets “propagated” to other variable nodes in the trapping set, some of which
already have very low-reliability channel values themselves. After this initial increase in the reliability, external
variables usually start adjusting the incorrect estimates towards the correct values. But by that time, the variable
nodes in a trapping set may already have significantly biased their decisions towards the incorrect values. Sinc
there are very few check nodes capable of detecting errors within the trapping set, this unreliable information
remains “trapped” within this set of variables until the end of the decoding process.

The exact relationship between the frame error probability and the distribution of trapping sets is still not well
understood. It is conjectured [15] that the frame error rate (FER) of a code can be represented as

FER~ Zs S P{Ez} (1)
ab Ty

whereé ;. denotes the set of decoder inputs that lead to a decoding failure on the trappiag; sgearly, this set

varies with the channel parameters. Although, at this point, the probabititieg, } cannot be characterized ana-

Iytically, there exist numerical methods for estimating their values [15]. Therefore, conditioned on the knowledge

of these probabilities, the frame error rate is completely determined by the distribution of the trappifig, skets
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Figure 1. Frames with trapping set errors, standard belief propagation.

all relevantvalues of the parameteasandb. Usually, the smaller the trapping set (i.e. the smaller the valuas of
andb, with a > b), the stronger the influence of the set on the frame error rate. Nevertheless, there exist examples
of trapping sets which bear a strong influence on the error-floor, for wahishelatively large, anth exceeds the
valuea [8]. Also, in some instances of belief propagation decoding(arb)) trapping set will provide a signif-
icant contribution to the frame error rate, while @a, b)) trapping set with’ < b will have almost no impact on
the code’s performance. As an example, three different types of trapping sets observed during belief propagation
decoding of a Margulis-type LDPC code [8] are shown in Figure 1. The number of erroneous variables is plotted
with respect to the number of iterations of product-sum decoding. Here, the decoding algorithm gets “trapped” in a
((12,4)) elementary trapping set (Figure 1 (a)), or if(&4,4)) trapping set (Figure 2(b)). In the later case, errors
spread from the initial trapping set to a large number of variable nodes within 10-15 iterations.

The findings described above motivate the study of the most general cl@sstof trapping sets without any
restrictions imposed on the relationship between the valuasntib. The distribution of trapping sets with more
restrictive properties can be deduced from the general results.

2.2 Code Ensembles

Throughout the paper, we uge,, and AR, to denote the ensembles of binary parity-check matrites di-
mensionm x n, for which c andr can take any positive integer value and for which the column and row weight
distributions are given by the ordered vectors (ci,...,Cq) andr = (ry,...,rm), respectively. The probability
distributions over these random ensembles are uniforgy=fc, Vi, andr; =r, Vi, the underlying ensemb}'aﬁ‘{n

is termed aegular ensembleOtherwise, the ensemble is referred to agregular ensembleln the former case,



we use the following notation

0< (= e_m <1,

rn

and tacitly assume that> 2. In our analysis we also consider a class of irregular matrix ensembles, denoted
by Hmn C Amn with the following set of properties. First, the rows and columns of any given mattih are
ordered according to their typéhis means that the set of columns (rows) of a matrix in the ensemble are partitioned
according to their weight, and where in every subset of the partition the vectors have the same weight. An example
of a parity check matrix from an ensembhéﬁ;,r1 withm=5n=28,¢c={3,3,3,2,2,1,1,1} andr = {4,4,4,3,1}
is shown below

10101010
01110001
1110100 0fecnHg )
11000100
(0001000 0

More formally, we define two sets of rational numbers in the intef®@4l], namelyks,...,Kn andxa, ..., Xg, with
the following set of properties. The first is the normalization property,

h g

whereg = maxr;, andh = max ¢;. The numberg; andy; describe the proportion of columns (rows) of weigt
a matrix from the ensembl&ih. The second property is the enumerative property, which impliesrikaandny;
are integers determining the number of different columns and rows of wigigatmatrix. Furthermore, we use the
sets of integers andt; to denote the column and row weights, respectively, ofestrip of #mn. The principle
of conservations of ones implies thaty; kis = n ' Xjtj = N, whereN denotes the total number of ones in a
parity-check matrix. Note that both classes of ensemiilg and #mn, are identical to the ones considered in [9]
and [10] for the purpose of evaluating the underlying codes average weight enumerators.

For the example in (2= 3,9 =4, whileks =3/8,K2 = 1/4,K1 = 3/8andx4 = 3/5,Xx3 =1/5,X2 = 0,X1 =

1/5.
Define next
1
Eoa(n) = 10g Aqp(n).
1 3)
Toa(n) = - log Ban(n),
where
1
Agp(n) = Z |t:teQap(H) ]|,
|rm,n| HE mn
1 @

B = t:tedPap(H) .
) =g 3 [t DulH)

In the expressions abov@andb stand for parameters of trapping sets that grow linearly witkhile ', , denotes
either the ensembl&fin or the ensemblé4mn. Which one of the two ensembles is considered will be apparent
from the context.



The central problem of this paper is to find asymptotic expressior&fgin) andTg ) (n),
&(B,\) = lim Eg,(n),

. (5)
t(8,A) = lim To(n),

which we will alternatively refer to as the asymptadiistribution or spectrunof elementary and general trapping
sets, respectively.

2.3 Large Deviation Theory and Random Matrix Enumeration

The task of computing the trapping set spectra is greatly simplified by using techniques borrowed from the field
of large deviation theory. For a detailed treatment of the subject of large deviation theory, the interested reader is
referred to [3]. For reasons of clarity, we will describe next several important results from this branch of probability,
includingSanov’s theorerfi 8], [2, p.292] and its extensions, as well as Varadhan'’s lemma [3]. Before stating these
two important results, we need to define the following probabilistic notions. These notions are assembled from the
exposition in [2], Chapter 12.

Definition 2.3 The type (i.e. empirical distributior of a sequence over an alphabeY is the set of relative
frequencies of symbols iy’ contained in the sequence. The relative frequencies are rational numbefy and
denotes the set of types for which the denominator of all the frequendiés is

Definition 2.4 The type class of an empirical distribution is defined as

o) ={xcoyN:P,=P}. (6)

For a given subset of the set of probability mass functior@) (A) is used to denot§y. p cana, QV(X), where
Q¥(x) = MLy QM)

Theorem 2.1(Sanov’s theorem) LetXy, ..., Xy} be i.i.d random variables with probability mass funct@x)
over a bounded alphabet Kfelements. Letf C P be a set of probability distributions. Then

Q"(F)=QUF NP) < (n+1)K2"PFIIQ) @)

where
P* = arg minc 4 D(P||Q),
and

D(P[|Q) = pilog(pi/ai)

denotes Shannon’s relative entropy. Furthermorg, i$ the closure of its interior, then

1
+10gQ"(#) — ~D(P'[|Q).

A straightforward corollary of the theorem is a set of rules that allows one to find the asymptotic behavior of
the normalized logarithm of the probability of a union of events of the f({)%rgi”:l gj(X) >aj,j=12,..t},
for a given set of functiong; of i.i.d random variableX;, i = 1,...,n. This can be accomplished by defining a set
of probability distributions

feF



and then finding the distribution ihminimizing the relative entropi (P||Q). The minimum of the relative entropy
function represents, according to Sanov’s theorem, the growth exponent of the probability under investigation. This
growth exponent is usually referred to as tate functionof the given probability, and is denoted hy

In the derivations pertaining to the average trapping set spectra of irregular codes, one encounters certair
summations for which the asymptotic expressions can be found by invenaglhan’s lemmé3]. This important
result in large deviation theory can be stated as follows.

Theorem 2.2(Varadhan’s lemma) Le®,(X) = P{S, > x} denote a sequence of probability distributions satis-
fying the large deviation principle with rate functio(x), that is, a functiont such that

e Ph(x) ~ e "X for x> mor x < m, wherem denotes the mean of the varialsg

The rate functior (x) is lower semi-continuous;

For each real numbex, the sef{x € R : 1(x) < a} is compact;

For each closed subdétof R,

. 1 .
Ilrnn sup INP{SeF} < —)l(Q"E [(x).

For each open subsétof R,
o1 .
— > .
Ilmn |rr1]f - INnP{S, G} > )I(Qé [(x)

Then, provided thag(x) is continuous and bounded,

lim % In E[€"9%)] = max [g(x) 1 (X)]. (9)

n—oo

Another important component of the analysis of trapping sets is related to the structure of the random code en-

semble. With respect to this issue, one is concerned with asymptotic enumeration techniques for matrices with

prescribed row and column weight profiles. The following result on the number of zero-one matrices with such

weight distribution properties will be used in several subsequent derivations [6]. It represents a strengthening of

the theorems in [7] and [13] that allows the claims to hold true for a significantly larger range of parameters.
Theorem 2.3Let /¢, denote the number of square zero-one matrices of dimemnsiwith row and column

weight distributions =(rq,...,rm) andc=(cy, .. .,Cn), respectively. Furthermore, lgtandh denote the largest row

and column weight, respectively, and & 5 ri = 5;¢. If n — o0 and1 < D = max(g,h) = O(n1/4), then

S 1 m m
Ner = A [ o exp(—282 i;ri(ri —-1) i;ci(ci —1)+O(D/S)> )

Observe that the corresponding theorem in [13] used for finding the asymptotic weight enumerators of LDPC
codes pertains to a maximum column/row weight bounded from abow&'fyrather tharog n. Furthermore, it
can be easily shown that the same type of enumeration result holds for matrices that are not necessarily square, b
of dimensionm x n, wherem/n is some constant.

As a final remark, throughout the paper, all logarithms will are taken with respect to the natural base




3 Asymptotic Distribution of Trapping Sets in Regular Code Ensembles

Here we find the asymptotic distribution of elementary and general trapping sets in the ensemble of m‘%{mces
Although the described approach represents a special instance of the derivations concerning irregular ensembles,
separate proof is provided in order to highlight the different ways in which large deviation theory is utilized. The
corresponding results are presented in theorems 3.1 and 3.4, respectively. The main components of the proof can |
summarized as follows. First, a set of combinatorial conditions is imposed on the structure of random-like matrices
containing a trapping set with parametéfa,b)). Matrices of this form are enumerated using theorem 2.3. The
result of this enumeration process is recognized as a constrained sum which represents a probability function. Thi
finding allows for a simple deduction of the asymptotic behavior of the sum in terms of large deviation theory. The
use of Sanov’s theorem mitigates the need for demonstrating the uniqueness of the underlying solutions and fo
proving other relevant properties of the sum, due to the fact that the minimization task is performed over a relative
entropy function.

3.1 Elementary Trapping Sets

The next theorem and corollary establish the asymptotic behavior of elementary trapping sets in regular LDPC
code ensembles.

Theorem 3.1Let{ < 1, and let0 < 8, A < 1. The asymptotic average ensemble distribug A) of ((a=
8n,b = An)) elementary trapping sets in a code from the ensemfigwith constant values, r is given by

0—A 20—cO—A 0—A
H<1—Z,)\,C2 X ‘; )—H(z,l—z)—(c—l)H(e,1—9)+°2 Iog<;)+)\log<;>,

whereH (py,...,pn) = — 3 pilog pi, with §; pi = 1, denotes Shannon’s (natural) entropy.

Proof. The proof represents a generalization of the arguments used in [9] for evaluating average weight distribu-
tions of code ensembles. For reasons of simplicity, we will work with transposes of parity-check matfices,

Let us write

My
HT = [MJ , (10)

whereM, is ana x mandM, is an(n—a) x mzero-one matrix. Let the column weightsMf, bew;, ..., wy, and
let aj denote the number of columns of weighih the matrixMy:

aj=|{i:w=j,i=1,...,a} (11)

If wi € {0,1,2}, i.e., if all columns oM, have weight zero, one, or two, then the rowd/ffcorrespond to variables
of an elementary(a,b = a1)) trapping set.
Define

Aé:[xmi{MuE/\a,m:ZMu(ivj):Caa3:a4:-~:aa:0},
J

Aiom= {'Vh € Ancam: TMI( ) =¢ 3 Mi(i,]) = B,},
J



wheref; € {r,r —1,r — 2}, and exactlyg values of}; are equal to, exactlya, values are equal to— 1 and the
remaining values are equalite- 2. Furthermore, let

Lazltr)m {He/\ﬁﬁrn Mue/\abmv'\/|| 6/\abm} (12)
Note that by going over all column orderings,

Zr ¢n
|Labm _Z< 0o a1 O > |/\abm‘|/\abm (13)

where the sum is taken over all triplésp, a1, 02) such that
Odp+0ai+0,=m={n, ai;+20,=ac=06cn. (14)

The probabilityP‘,i’l;,n that the transpose of a parity-check matitakes the form (10) with condition (12) is given
by

Z7r
r | La,b.,m|

abn ‘/\?ﬁrn (15)

From theorem 2.3 it follows that
(ac)! (c—l)az 145
’ abm‘_ clazlaz exp ac (1+0<(Z n) o 1)>a

for somed; > 0. Similarly, one can also show that

(n—a)c)texp(—7ac [(5){n—(r—1)ac+ay]
(c!)”<ar!(°‘0 (r—1)i% (r —2)i4 ) (tro(@m %)),

for somed, > 0. The last expression is obtained by incorporating the constraining equations (14) into the sum

| A m|=

Oor(r—1)+a1(r—1)(r —2)+ax(r—2)(r —3).
Because of the relations (14), for a given value@fthe sum in (13) contains only one term. This term is

oo( e - Pecal) oy
(ZZ nfe;cfal) lag! (acgal) 1 21(ac-a1)/21(2{n—ac-a1)/2 (r _ 1)!0(1 (r _ 2) |(ac—ay)/2 ’

M x

whered > 0 and

M — (Cn)!'(ac0)! ((n—a)c)!

N cin

ac—oy e — 2(n—ac—ay
2 0 2 ‘

Consequently, the probability of interest can be written as

(ac—a1)/2 /ryag
LT e R ALS TR

(30) (Zrg= ) ot (35%)! 2ne

oo (S rva(cn ).
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The asymptotic behavior ddg (Pa’r

ab,n

r\(ac—01)/2 /ryo1
log (PL;,) =  log ( ( CULE R ) (16)

T\ ) (B! (2%,

Second, the asymptotic expression for the probability above can be obtained by invoking Stirling’s approximation
formula,log(n!) ~ nlog n— n, and the binomial approximation formulag (eNN) ~NH(6,1-8), whereH (6,1—
0) denotes Shannon’s natural entropy.

Assume next thast = 0n, a; =An, 0 < 6,A < 1. Based on the previous results, one can obtain the following
asymptotic formula fot log (P§£n> ;

) can be determined in two steps. First, it is straightforward to show that

cO—A r r
{logl+— Iog<2>+)\log <1>—CH(9,1—9)
—)\Iog}\—ce_)\log <C9—}\> _20—cB-A log <2Z—C9—)\>’

2 2 2 2
where bothc8 > A and2{ — cB > A. The last expression can be re-written as

cO—A 2(—cO—A cO—A r r
H<1Z,)\, 5 > )H(Z,l()cH(6,16)+ > Iog<2)+)\log<l>.

By adding the asymptotic formula fgflog () to the terms listed above, accounting for the possible choices of
thea = 0Bnrows ofHT describing the trapping set, one obtains the claimed result. O

The same expression for the distribution of elementary trapping sets are valid for the case thateither
both, grow sublinearly witm. As a result of this observation and theorem 2.3, analogue distribution results hold
for densematrix (code) ensembles, where the maximum row and/or column weighB{at€).

The result of theorem 3.1 allows for evaluating the most general class of configurations involving induced
check degrees of value zero, one or two only. With respect to the problem of trapping set evaluation, one is usually
interested in the cage< < 0. By introducinge = A/6, one obtains the following result.

Corollary 3.1 Fore << landc,r > 3 one has

e(8,\) = H <1—z,ce,M> “HEQ1-0) — (- DH©B,1-8)+ ZLlog <r>
2 2 2 2
which is independent of, and corresponds to the average ensemble distribution of codewords with induced check
degrees equal to zero or two.
Based on the derivations presented in the previous theorem, one can also establish the asymptotic behavior ¢
Péjéyn for the case of constant parameta@ndb = a; (independent of).
/ 'Corollary 3.2 For a constant valua for the size of an elementary trapping set with a constant numbler of
degree-one check nodes, one has
Py, ~Cn(@eb)/2) (17)

abn —

for some constar® independent on.

Proof. The result follows from the observation that the only term in (16) contributing to the negative exponent of
nis (Zn)!/[(39) ((2¢n—ac—a1)/2)!]. A straightforward application of Stirling’s formula establishes the desired
result. O

10



3.2 General Trapping Sets

The next theorem and corollary establish the asymptotic behavior of the number of general trapping sets in regula
LDPC code ensembles.

Theorem 3.4Let{ < 1, and let0 < 8,A < 1. The average ensemble distributidf,A) of ((a=8n,b=An))
trapping sets in a code from the ensemtfig, with constant values, r is given by

2(1- /) A 2\ /T
1+p>f+<1—p>f> ~07 '°g<<1+p>f—<1—p>f>'

—(c—1)H(8,1—8)—Zlogp® — (1— 2) log <(

wherep is the (unique) positive solution of the equation

<1_A> L+t (@-p™t At t-(-p Tt
¢) (A+pr+@A-p" T (Q+p)-(1-p) '
Proof. In this case, the proof begins in a similar manner as the proof of theorem 3.1. The partition of the matrix

HT remains of the same form, except for the requirements that

l’;g:rumi {MU 6/\8.7m: ZMUOaJ) :C7 z aZH—l :)\n}a
] 1

ﬁEl,rbm: {MI = /\n*aam: 2M|(|7J) =G ZM|(I7J) = Bj}a
J

wheref; € {1,...,r} and exactlyug values off}; arer, exactlya; values off3; arer — 1, and so on, exactly values
of az, are equal t®. Furthermore, let

aro T Far ~ar
Gibm= {H € At My F5h M€ PG T

The probability of interest takes the form
Z:r
SC,r | ga,b.,m

abn — cr |
] |/\m.’n

and by using the same type of argument as described in the previous theorem, one arrives at the following formule

for l5§,’£,n: a ° ¢
o og 1 Zn r 0 r 1 r r
P , : - .« . 18
abn = ey > (ao,...,ar> (0> 1 r >
where
AZB

stands folog A ~ log B, and where the sum is taken overadl ..., a, such that
ai =1{n, iaj =0c¢cn, Ogir1 =AN. (19)
ya=tn yio—ten 3
We introduce next a simple method for evaluating the sum in (18) based on a set of results from large deviation

theory?. Let
pj=2" (:) (20)

2This type of analysis can also be used to significantly simplify the proofs in [9] and [14] related to weight and stopping set enumerators
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so that{ pj}rj:O represents a probability vector. Multiplying both the numerator and denominator of the expression
in (18) by 2'¢", one obtains the following asymptotic formula Iéj‘,;n

orin < Zn ) do a1 “

—— N o 21

9 2\, ) PO PL P (@)

where the constraining equations (19) hold.
According to Sanov’s theorem, the problem of estimating the probability in (21) reduces to finding a probability
mass functiory; that minimizesy g; log(q;/pi), such that

. A
Zqi:]-v Z|Qi:9r7 ZQZHl:z, (22)
| | |
with probabilitiesp; defined according to (20). By using the Lagrangian multiplier method, with multiplier function
Zqﬂoggi_+H12Qi+HZZiQi+IJqu2i+17 (23)
i ! i i i

one can show that the unigdeptimizing distribution for botlr even and odd is of the form

g = (fi)p()lr ?(f_)s)r , for even values of,
4 = (li(pigf(}—\/(zl)f R for odd values ofi.

Here, we used the following straightforward identities

(24)

r AV — r 2i r-1 _ o)1 = T 2i
oy +(-pr =25 (5)o%  elweer tori—pr =25 2, )e”
r (1_ AV — r 2i+1 r—1 A1 ; r 2i+1
Loy —(-pr =25 ()0 eIty ter—pr ] 2 g @+ (], )t
In all the above expressiop,represents the (only) positive root of the equation

(1_ A) @+p) 4+ (d-p)t A (@) - (-p)h g (25)

4 (1+p) +(1—p) ¢ (A+p)"—@1-p)

This shows that

N
lim 109 Pghn

ey A 2HL(1-A/7) A o)/
D('[lp) =log* *(“z) '°g<<1+p>r+<1—p>f>+z '°9<<1+p>f—<1—p>f>‘ (27)

Again, by adding the asymptotic value #fog (e”n) to the expression, accounting for the possible choices of the
a= Onvariable nodes of the trapping set, one arrives at the claimed result. O

:rZIOg 2—CH(6,1—6)—ZD(Q*||p>, (26)

where

Corollary 3.3 For constant valuega, b)) of a trapping set, one has

r—1)

_(
C]_n r

(ac—b) < Pg}; ]

<Cyn(ach)/2 (28)

for some constants; andC, independent on.

3Uniqueness follows from the strict convexity of the relative entropy function with respect to the first arggment,

12



Proof. Without loss of generality, assume thiais even. In order to prove the claimed result, we observe that the
constraining relations (19) imply that

> 2iaz+ ) (2i+ 1oz =ca
| |

20y =ca— ) (2i+1)az 1 <ca—Db,ie
2 Haamca g (2 29)
ca+b

ca—b
Oy < ———, sothat Zai <
iZ0 2 iZ0

Similarly, one can show thgt; .o 0 > [ca+b(r — 1)]/r. Based on the previous expressions, it is straightforward

to see that Ca L
0" 0" o)
ai! as! o a!
is bounded from above by a constant independent fiofrherefore,
gr log 1 {n )
P , 31
aen = (19 Z<a1+az+...+ar Y
where the sum contains only a constant number of terms. Inserting the upper and lower bounds yields the claime
result. O

As for the case of elementary trapping sets, the same distribution results hdehfematrix (code) ensem-
bles, where the maximum row and/or column weights@ie/4).

4 Asymptotic Distribution of Trapping Sets in Irregular Code Ensembles

Here we find the asymptotic distribution of elementary trapping sets, as well as trapping sets in general, in the
ensemble of matricegn. The corresponding results are presented in Theorems 4.1 and 4.2, respectively. The
main components of the proof consist in establishing asymptotic expressions for two “nested” sums. For the first
sum, a straightforward application of Sanov’s theorem is needed. For the second sum, Varadhan’s lemma provide
an expression which has to be evaluated numerically.

4.1 Elementary Trapping Sets

The next theorem and corollary establish the asymptotic behavior of elementary trapping sets in regular LDPC
code ensembles.

Theorem 4.1Let { < 1, and let0 < 8,A < 1. The average ensemble distributief®,A) of ((a=6n,b=
An)) elementary trapping sets in a code from the ensersfik with column and row weights described by the
distribution vectorky, ...,k andxz, ..., Xg is given by the supremum of

9

ZKJ (e, 1—K> 2I(A.6) - (zxSJ)H(Q/ZKJ'S]J—@/;KJSJ)’

I

13



where

¢ ¢
Kje/stz
l+eys]+z? J 1 )h7

2 0=8
J
ZSjej:é,
J

and wereA, p, 6, y andzrepresent the parameters over which the supremum is evaluated. These parameters satisfy

the following set of equations
Kis—B
y— log <p<zmsj>> |

~ A t
I(A,8) == logp+ - logA— in log <1+Apti + ( 2' ) p2> :
I

0) =

0
iti _&
A2 et () L
Xi (Atp+ti(ti—1)p°) 8
2 A ()2 L

(32)

Proof. The proof represents a generalization of the arguments used in [10] for evaluating average weight distribu-
tions of code ensembles. Again, we will work with transposes of parity-check mattiées,

For M
HT:[MJ, (33)

whereMy is ana x mandM; is an(n— a) x m zero-one matrix, witta = 6n,0 < 6 < 1. Furthermore, letr; be
defined as in 3.1.

Deflne/\g[)m and /\ng in the same manner as in theorem 3.1, except for an adequate redefinition of the

ensembles involved and for changifgi, into #an. In this setting, we seek an expression for the probability

por — ! A A 34
mn ‘j—ﬂﬁ|zr|<aoala2>’abm|abm ( )

where the sum is taken over all triplérsg),a(1i>,ag)) such that

al(i) =ximi=1,...,0,
1=071,2

(q@_kzq9>::nom (35)

Here, we usedyg to denote

(S]_K1+...+Sq,1Kq,1+Sq(e—K1—K2—...—Kq,]_)),
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andq to denote the unique integer satisfyifige [zlq;ll Ki, S|, K|}. LetN =m3?  tix; = ny_; sjk; be the
number of non-zero elementskh since we are working with the firsb rows. Then

N!

(A
| Hmin [ SpIMKL . gyl MKn g 1MXa tg1MXo
\AZ I~ (nag)! |

b,m SNk Sq!n(elef‘..qu,l) |_|i 2!0(2) ’ (36)

AL (N—nge)!

| Naom |~ 0 0 M

” !Nkt +Ka=8) | qInkn [, 1% (t — 1)!90 (f; — 2)1%

By combining the above expressions, one obtains

N\ L g X ool al e ad
Cr ~ ) " [ ) | i i
|Og Pmn ~ Iog <n0_9> + |Og Z il:l <CX8> a(1|) Gg)) (0) <1) (2> . (37)

where the sum ranges over the same set of values of paramg}e&s given in equation (35). Write

A t; {;
6= () +(3)+(3): (38)
The last expression in (37) reduces to

2 myi o M /) —
Iog(ﬂﬁ P{;IZ%Z(% /n)—oe}>, (39)

where the variablesl(i)/n obey the binomial distribution given by

M _ 1ty _
=& <I>,|_o,1,2. (40)

The last two formulas imply that the asymptotic behavior of the logarithm of the sum considered can be obtained
by using Sanov’s theorem. The problem reduces to minimizing

2 XiD(d (q11p"), (41)
subject to the constraints
dp +ay) +ay) =1,
(i) (i) Oe
Xi (O +20° ) ==,
IZ I ( 1 2 ) Z
S i) = A/2
I — .
2%

More generally if we takd; rows with weights; such thaty ; 8; = 8 thenag is replaced with = Y;9jsj. By
using Lagrange multipliers one obtains the following expressions for the probability mass function minimizing the
relative entropy function

dp=0<?>pNU (42)
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whereA(1) = A, andA(l) = 1 otherwise. Furthermorp andA satisfy the following set of fixed point equations
which have a unique solution,

(Q)‘1_1+Apti+<t2i> P, i = 1,...,0,
Xiti _ A
Y A+ T
Xi (Aptl +ti(ti—1)p ) _ 9
= 1+Apt+ (5 p? ¢

with 8 a constant independent anTherefore, it follows that

> xD (a7 [1p") =108+ 3 xilog &

where

~

1(A,8) =

J\J\ch

A t;
Iogp+zlogA Z Xi log <1+Apt.+ < 5 >p2> ,

regardingh as fixed.

The asymptotic behavior fdPym can be obtained by combining the above expression with the asymptotic
formulalog (55) =109 (yn)a) = NH (8/ 3{_1 kis)). To complete the proof, one needs to estimate the spectrum
by using the previously evaluated probability: for the case of regular ensembles, one simpﬁ&)hwhys of
selecting the columns in the support set of a codeword. Here, vBe-sé#, ..., 0) so thatd; denotes the fraction
of columns one chooses from a strip of column weigst thaty ; 6; = 6. We are then interested in the sum

-1
B N NK;j ~
il ( n > [] ( o, )wn(x,w *

Wn(\,8) = exp(—mI(7,8)). (44)

ALY

is a probability, we may apply Varadhan’s integral lemma to show that

where

By observing that

1 0; 9 ~ ~
—lim =logPR, = sup K'H( ) 1—> ZI)\G Kisi| H|© KjsSj,1—0 Kisj||. (45)
g eon = g (222 zes |1 (Bg e b0
For the case under consideration the supremum is actually a maximum that can be obtained by varying over the
parameteé. Observe next thainly oneof the constraining equations found so far invol@esiamelyy; 6; = 6.
Hence, since the entropy terms in (45) invobrenly in a implicit way, one can perform the optimization of these
function by first fixing the value od. Therefore, one starts by considering

] Kj Kj
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subject to the constraing; sj 6; = 8 andy ; 6; = 6. The Lagrangian multipliers for this optimization process are
y andz, and the maximizing set of values for the paramefgris given by

Kj Vs 2
71 yestz

Here,y andz are the unique real numbers chosen to satisfy

i=1,....h.

. aYS§j+z
Kje/s

25 T as

=0

and Sj+z
Kj s

J 1 e/5+2 =6
Now, one has to perform optimization over the previously fié@dtrameter. This can be achieved by differentiating
the terms in (45) with respect # and by setting this derivative to zero. In fact, this derivative of the optimal
objective function with respect to the constraint variableill equal to the Lagrange multiplier of the overall
optimization problem. Assuming that the optimum valudas in the interior, it must be obtained at a point for
which

y—logp+logB—log <ZK,-S,- —é) =0.
]

The first term in the expression arises from the original multiplier, the second term from the expressions in the rate
function explicitly invoIvingé, while the last two terms appear due to the entropy functions in (45). The equation

above can be rewritten as .
LK S e
y—log (pwésj)> | (@)

and this completes the proof of the claimed result. O

Remark 4.1 It is tedious, but straightforward to show that for regular LDPC ensembles, the parameters of
theorem 4.1 reduce to

ti=ri=1 = Oc—A
I — L = 7-"7g7 p_ (;)(ZZ_GC_)\)v

G =248 A:)\\/r( 2r—1)

27 27— 6C—A)(6C—A)

By substituting these expressions into the formula for the average trapping set ensemble spectrum, one recovel
the results for the regular code ensemble, given in theorem 3.1.

For many practical applications, one is interested in codes for which the sets of paraknetedsy; are
optimized in terms oflensity evolutionoptimization is, in this case, performed with respect to the code’s gap
to capacity [16]. Near-optimal degree distributions (for a given signal-to-noise ratio) usually exhibit a so-called
“concentration property”, which implies that the row-weights of the parity-check matrix are drawn from a small set
of different values or that the row-weights are constant. In the latter case, corresponding to row-regular ensemble:
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(with t; = r) one can find closed-form expressions Aoandp in terms off as
A=A\ -9
r(2C—0—A)(6—A)
A

p_\/(z)@él—ﬂ

Consequently, one only has to solve the system of equations
Kje'Stz

S50 =b
1+ eyS]-‘rZ

J
K eys,+z
Z1+@wa:& (48)

(e (3kis—8)
y—IOg (é )

for 8,zandy, sincep can be expressed in terms@®bnly.

f\l

(47)

4.2 General Trapping Sets

The next theorem and corollary establish the asymptotic behavior of the number of general trapping sets in irregulal
LDPC code ensembles.
Theorem 4.2Let0 < { < 1, and let0 < 6, A < 1. The average ensemble distributitgf,\) of ((a=0n,b=
An)) general trapping sets in a code from the ensermitiig with column and row weights described in terms of
the vectorsy,...,Kp andxg, ..., Xg is given by the supremum of

ZKJ_H<91 1_2) Z' A, 9 <ZKJ SJ> H (é/;}(j Sj,l—é/ZKJ’ Sj),

where
ti_(1_ )\t ti _ )i fa
—ZXi|09<(1+p) (1-p) +T(1+p> +(1 p)> glogp+)\logT,
: 2 2 ¢ ¢
K.eij+Z .
j:mvjzlr”ah)

S 8=,
J

ZSJ' ej :é,
J

and weret, p, 6, y andz represent the parameters over which the optimization is performed. These parameters
satisfy the following system of equations:

y:mg<pﬁh§fr4ﬂ>’

~ 9 ) ) (1+p)(tifl)—(l—p)(tifl)—k‘[ ((1—|—p)(ti*l)_A'_(l_p)(ti*l)) 40
G/Z—zl Xi Pt < (1+p)ti—(l—p)ti+1— ((l—l—p)ti—l-(l—p)ti) > ( )
X (1+p)"—(1-p)"
Z-' (1+p) = (1=p) 4T ((1+p)i+(1—p)4)
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Proof. The derivations follow along the same line as the one presented for elementary trapping sets, up to the point
where the following expression is encountered

(i)
N\~ mXx; t;\ %
cr __
109 P = log <n09> tlogy l l ( ) <0>

Here the sum ranges over the set of param(et&s;onstrained by

Q)

.GD%. (50)

ZGI(I)ZXI m7i:l7"'7g7

9 .

2, el =noo (5)
¢ all) . =An.

.;Z 241

aiz(D:? (52)

]
The logarithm of the last expression in (50) can be expressed as

9 9 .
log G™ P a /n) = og} |, (53)
(H : {;Z( | /) = Os}
where the variableel(i)/n follow the binomial distribution given by

M_ 1ty _ .
o) =G <I>,I_0,...,t.. (54)

The last formulas imply that the asymptotic behavior of the logarithm of the sum considered can be obtained by
using Sanov’s theorem. The problem reduces to minimizing

Write

z XiD | | p (55)

subject to

i%”zL
ZXl Z} I Q| = Ue, (56)
Zl Xi Z q(2i|)+1 =A/C.

The analysis proceeds along the same lines as for the case of elementary trapping sets. We find that

| Q(t'>p, | even
q" = (57)

G < tli >rp', | odd
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wheret > 0 is determined via the final constraint in (56).
Going to the more general case of takBygows with weights; wherey ;6; =6, 5 ;sj8; = 8, we thus obtain,

A t 21 i A+1
©) _Z<2|>p HZ<2|+1>p e (58)

oyt Gt Gopl, (eeha el

and the resulting pair of fixed point equations takes the form

S (1+p) V- (1-p P (A4 Y+ (1-p)" Y
i; XiGipti < > +1 > )

MT = ixi ¢ o PR,

6/

for G; given as above. Consequently, the minimum exponeptsG; + | (A, 8) where,

. L ((A4p)ti—(1-p)f (1+p)fi+(1-p)t) B A
[(A,8) = IZ)(.Iog< > +1 > +Zlogp+zlogT.
The rate function for the probability of interest is determined based on similar techniques as demonstrated for
elementary trapping sets, so that the details are omitted. O

5 Stopping Set Analysis

An analysis similar to the one performed for trapping sets can be conducted for stopping sets as well. Although
this problem was already addressed in [14], there exist some interesting differences in the problem settings. Th
ensemble used in [14] corresponds t@adom permutatiomodel, which is easier to analyze, but less realistic in
terms of its modelling of LDPC code properties. Our analysis handles the more involved case in a very simplistic
manner, producing results of the same fdrm
Assume that the size of a stopping Sgtn) is linear inn, i.e. a= 0n. The probability of interest for stopping

set analysis takes the form

ser_ | A |

,
20 /\rcﬁ,rn |’

where

NZ:r'}]i {Mu E/\a7m: zMu(|,J) :C7 01:0},
J

250 = {M| € An-am: Y Mi(i, i) =¢, ZM|(i,j):Bj},
J

with B € {1,2,...,r — 1,r} so that exactly; values off}; are equal to —i. Furthermore, let

gg;gn = {H eNpn:Mye ”Z:rrli € leazrrn}

4In [19], while deriving the bounds on the tails of the spectrum of regular LDPC codes, the authors also showed how this method can
be used to simplify the derivations of the weight distribution of this class of codes as well
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By using the same type of argument as described in the previous two proofs, one arrives at the following

formula for Bh: a G a
~;.log 1 {n r\ % /¢ 92 r\ o
PZ?r:i 59
N o) 2 <G070(27---,0(r) (O) (2) r (59)

where the variablesy, ..., q; satisfy the following constraints:
zai:Zn, ,Ziai:ac, o =0. (60)
| I

These relations translate into the following expression for the distribution minimizing the relative entropy in
Sanov'’s theorem

Ya=1 Y igi=6r q=0, (61)
| |

with the probabilities; given by (20). By using the Lagrangian multiplier method, with multiplier function

G _ i
Zq.loga+u1|zq.+uzzIq.+Usq1, (62)

one obtains that the entropy minimizing probability function is of the form

q‘*:(1+p;f—rp<:> hi#L ©)
andg; = 0. The parametep in the above equation represents the unique positive root of the equation
r—1_
o= p((lljrrs;f—rpp' ©4
For the given distribution, the relative entropy is of the form
r _r\a'®
log (iip):)fpr (65)
Substituting forg; in Sanov’s bound, one obtains
LiogBe = —zlog— P _ch(e,1-9) (66)
n ’ (1+p) —pr
and consequently, the “stopping exponent” is equal to
o'
—C Iogm—(c—l)H(e,l—e). (67)

This result agrees with the corresponding expressions derived in [14] by using more elaborate combinatorial meth:
ods.
Similarly, for the irregular case one obtains

0)

logPS ~log [ N _1+Io D™ () O (68)
9Fmn =109 | g gzil:l alal) ... af’/) \0O 2 \u) 7
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where the sum ranges over the set of parameq@rgiven by:

;al(l):)(l m7i:1""7g7
£1

g

la") = nay, (69)
i;IZZ !
a(l'):o, i=1...,0

Consequently,
§ = C|<I>P7 # (70)

were based on the fixed point equations one has

(Ci)*l = (1+p>“ _ti p,
1+p)tit-1 (71)

leXI |m_09-

Using Varadhan's lemma as outlined in Section 4, one recovers the same results as presented in [14].

6 Numerical Results

The expressions in Section 3 describing the asymptotic distribution of elementary and general trapping sets in
regular LDPC code ensembles are most easily analyzed trough numerical simulations. Results of this analysis ar
summarized in Figure 2,3, and 4. Figure 2 provides a comparison of the spectra of three different ensembles with
column weight three, and rat@st, 0.5 and0.8. It is interesting to observe that for a fixed size of thgarameter,
the number of trapping sets with parameigrows much faster for codes of higher then for codes of lower rate. Let
the smallest value of (recall thatb = A n) for which the number of(a, b)) elementary trapping sets is exponential
in the length of the code be called takementary trapping coefficierffor the code ensembles shown in Figure 2,
these numbers aB10~4, 2.410* and1.810~°. Consequently, the trapping coefficient decreases with the increase
of the row weight, for a fixed column weight.

A similar phenomena is observed with respect to the column weight of the regular code ensembles. In Figure
3, one can see that for a fixed code rate, the smaller the column weight of a code, the smaller the elementary
trapping coefficient (i.e. the larger the number of trapping sets with the given parameters). The trapping coefficients
for column weight three, four and five codes 82104, 9.110~4 and0.910°2. This finding may imply that the
ratel/2 code ensembles which are known to exhibit the best threshold characteristics, nanig|gtleasemble,
can have poor average error-floor properties. Finally, Figure 4 demonstrates the intuitively expected fact that the
trapping coefficient depends on the valuépand increases dsincreases. Similar findings hold for generalized
trapping sets. Figure 5 plots the generalized trapping set spectrum for three different ensemBles0adL
The interesting observation is that for this case the spectra of general and elementary trappings sets are almo
identical, i.e.the asymptotic growth exponents of these two classes of sets are approximatelyagharmore,
the difference between the spectra of elementary and general trapping sets grows (although only slightly) with the
rate of the code. Observe that these findings may explain some of the numerical results presented in [15], regardin
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the error floor of random-like codes in the regularl5) ensemble. The error floor of these codes is very high, and
can be decreased by eliminating short cycles from the graphs of such codes. The latter finding can be explained i
terms of the easily observable fact that trapping sets contain short cycles. An illustrative example is the eight-cycle
present in the(5,1)) trapping set in Section 2.1. The edges of this cycle are given by the boldfaced ones in the
sub-block in Section 2.1.

The situation becomes quite different when one increases the vaue 0f1: a substantial difference between
the distributions arises for the case (f315) ensemble, as illustrated in Figure 6.

The expressions in Section 4 describing the asymptotic distribution of elementary trapping sets in irregular
LDPC code can be evaluated only through numerical methods. We will present only one example pertaining to the
solutions of the system of equations in theorem 4.1. We consider a code ensemblé g2 fatevhich

Ko = 0.505kK3 =0.3,K4 = K5 = Kg = 0,K7 = 0.195,
X1=X2=X3=X4=X5=0,Xe6 =0.438 X7 = 0.562;

ForA = 0.02and6 = 0.1 theuniqueoptimizing solutions for the parameters of the elementary trapping set problem
are
éopt =2415x 101, p=0.128 A= 0.0646 andy = —0.476

For other instances of the problem related to irregular ensembles, the roots of the fixed point equations cannot b
found for all conceivable values afand®. This is especially apparent for the case wixeis non-zero for only
two different values of the indeix

Acknowledgment The authors are grateful to Stefan Laendner for generating the trapping set decoding ex-
amples shown in Figure 1.
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Elementary Trapping Sets for R=1/2
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Figure 3: Trapping set spectrum for ensembles of fixedRatel/2, andd = 0.001
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Elementary Trapping Sets for Ensemble (3,6)
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Figure 4: Trapping set spectrum for (3,6) regular ensemble and three different values of the p&fameter
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General Trapping Sets for 6=0.001
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Figure 5: Trapping set spectrum for (3,6) regular ensemble and three different values of the p&fameter
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General and Elementary Trapping Sets for 6=0.1
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Figure 6: Comparison of trapping set spectradfet 0.1 and regulaf3,5), (3,6) and(3,15) ensembles
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