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Abstract

It is well known that certain combinatorial structures in the Tanner graph of a low-density
parity-check code exhibit a strong influence on its performance under iterative decoding. These
structures include cycles, stopping/trapping sets and parameters such as the diameter of the code.
In general, it is very hard to find a complete characterization of such configurations in an arbitrary
code, and even harder to understand the intricate relationships that exist between these entities. It
is therefore of interest to identify a simple setting in which all the described combinatorial structures
can be enumerated and studied within a joint framework. One such setting is developed in this
paper, for the purpose of analyzing the distribution of short cycles and the structure of stopping and
trapping sets in Tanner graphs of LDPC codes based on idempotent and symmetric Latin squares.
The parity-check matrices of LDPC codes based on Latin squares have a special form that allows
for connecting combinatorial parameters of the codes with the number of certain sub-rectangles
in the Latin squares. Sub-rectangles of interest can be easily identified, and in certain instances,
completely enumerated. The presented study can be extended in several different directions, one
of which is concerned with modifying the code design process in order to eliminate or reduce the
number of configurations bearing a negative influence on the performance of the code. Another
application of the results includes determining to which extent a configuration governs the behavior

of the bit error rate (BER) curve in the waterfall and error-floor regions.
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1 Introduction

By now, it is well known that long random-like low-density parity-check (LDPC) codes used for sig-
nalling over discrete input memoryless channels have capacity-approaching performance under iterative
decoding [12]. Nevertheless, there still exist many open questions regarding the exact degree of influence
that specific parameters of a code exhibit on its overall performance when used for finite length data
transmission [20]. The best studied class of code parameters include the girth of a code [3], [4], [6], [7],
9], [18] and the size of the smallest stopping set in the code graph [2], [15], but very few results are
available regarding trapping sets [13],[16] and pseudo-codewords [8]. Each of these entities can be used
individually in order to explain some phenomena underlying the behavior of the bit error rate (BER)
curve of a code under a given decoding strategy. For certain channels, like the binary erasure channel,
exact analytic characterizations of BER curves are possible in terms of the distribution of stopping set
sizes [2], [15]. What remains unknown is the exact nature of the relationship that exists between all the
aforementioned parameters and a study of their joint influence on the performance of LDPC codes in
channels like the additive white Gaussian noise (AWGN) channel.

The goal of this paper is to provide a comprehensive analysis of three different combinatorial param-
eters of a new class of LDPC codes based on idempotent and symmetric Latin squares. Such an analysis
is of importance in two different settings: in the first case, it allows for constructing large families of
high-rate codes with good performance under iterative decoding. In the second case, it can be used
as a starting point for investigating the influence of different classes of code parameters on the overall
performance of an LDPC code. The features analyzed include the structure and number of short cycles
in the Tanner graph and the size of the smallest stopping and trapping sets in the code graph. Although
stopping sets are primarily used for estimating the performance of LDPC codes over the binary erasure
channel, they are closely related to pseudo-codewords of many other channels [8] and are therefore of
interest when analyzing the performance of LDPC codes over the AWGN channel.

The codes described in this work are closely related to several other classes of LDPC codes based

on combinatorial designs. For a comprehensive treatment of the subject of LDPC code construction



based on design theory, the interested reader is referred to [6], [17], [18], [19], and the references therein.
The parity-check matrices of LDPC codes based on constrained Latin squares have a block structure
consisting of all-zero matrices and permutation matrices that are placed according to the entries in the
Latin square. If the squares are properly chosen, the resulting Tanner graphs of the codes have both
girth and minimum distance equal to six. The number of six-cycles and other short cycles in their
Tanner graph, as well as their stopping number and trapping set structures, can be determined in a
straightforward manner. This is due to the fact that the existence of stopping sets and trapping sets of
a prescribed size can be linked to the existence of sub-rectangles in the underlying Latin square. The
study of cycles, stopping and trapping sets reveals that most of these entities are related: for example,
the vertices corresponding to small stopping and trapping sets usually also belong to one or more short
cycles.

The outline of the paper is as follows. In Section 2 we introduce Latin squares, combinatorial
designs, and one-configurations [11]. We also describe several choices for Latin squares that result in
LDPC codes with good performance under iterative decoding. Section 3 is devoted to establishing a
relationship between stopping sets in LDPC codes and partial sub-rectangles of their corresponding
Latin squares. Section 4 contains a partial classification of elementary trapping sets in LDPC codes
based on symmetric, idempotent Latin squares, while Section 5 provides a count of the number of six-
cycles in the codes. Section 6 describes how some of the results in Section 5 can be used to improve
the performance of the codes in terms of a structured shortening procedure that reduces the number of

six-cycles in the code graph. Simulation results are given in Section 7.

2 Latin squares, designs and one-configurations

LDPC codes based on Latin squares were first described in [18], where Latin squares were first used
to construct Steiner triple systems and one-configurations. Such systems were subsequently used for
characterizing the parity-check matrix of LDPC codes. We start this section by providing the necessary

background needed for extending and generalizing this technique.

Definition 2.1. A Steiner 2-design is an ordered pair (V, B), where V is a set with v elements and B is
a collection of b subsets of size t over V', called blocks. Fvery element of V' is contained in exactly t-b/v

blocks and every 2-subset of V' is contained in exactly one block. A Steiner 2-design for which t = 3



is referred to as a Steiner triple system (STS). If the constraint of a 2-design is relazed so that each
pair of elements in V' is required to belong to at most one block, the resulting combinatorial structure is

called a one-configuration (OC).

An STS or OC can be used to define the parity-check matrix H of a LDPC code in a standard way:
the variables of the code correspond to blocks, while the parity-checks correspond to the points of the
system. In this case H represents the point-block incidence matriz of the given combinatorial objects
[18].

We will find the following definitions useful in the sequel of the paper.

Definition 2.2. A Latin square of order M is an M x M array such that each row and column contains
every symbol in {1,... , M} exactly once. More generally, a Latin rectangle is an K x M, K < M,
matriz of entries with no symbol appearing more than once in each row and column. A Latin square is
idempotent if the cell indexed by (i,i), 1 < i < M, contains the symbol i, and symmetric if cells (i, 7)

and (7,1), 1 <i < j < M, contain the same symbol.

Definition 2.3. Ifin a Latin square of order M, there exist r* cells with r rows and r columns that form
a Latin square of order r and over an alphabet of size r, then these cells are said to form a sub-square
of order r. Similarly, a sub-rectangle of the Latin square is a sub-array of the square which is itself a
Latin rectangle. A Latin square of size M x M is an Ny (N ) square if it does not contain sub-squares

of order two (of any order r > 1).

Of special interest for the derivations to follow are Cayley Latin squares, for which the entries are
determined by the Cayley table of the cyclic group of order m over the alphabet {1,... , M}. More
specifically, the entry at position (4, j) in such a square is given by i +j —1 mod M!. Equivalent to a
Cayley Latin square of odd order M under rearrangement of the rows, rearrangement of the columns,
or renaming of the symbols (i.e. isotopic to it) is a Latin square defined by the equation (i + j)/2
mod M. Cayley Latin squares of prime order ¢ and Latin squares isotopic to them are examples of N,
squares [1]. Throughout the rest of the paper we focus our attention on Latin squares with odd order

M =2m + 1.

Definition 2.4. Let SQ be an idempotent and symmetric Latin square of order 2m + 1, let J =
{1,2,...,2m + 1} and P = J x {1,2,3}. Define a collection of blocks B that contains:

'Here and throughout the rest of paper, we use the somewhat non-standard modulo function which assumes that the
symbol 0 is replaced by the symbol M.




a) all triples of the form {(i,1), (i,2), (i,3)}, where 1 <1i < 2m+ 1 (type 1 triplet);
b) all triples of the form {(i,a),(j,a),(ioj,0)}, a=1,2,3, b =a+1 mod 3, where 1 <i < j <

2m + 1, and i o j denotes the entry of the Latin square SQ in row i and column j (type 2 triplet).

It is straightforward to see that (P,B) is an STS with 6m + 3 points [11]. We will refer to such
an object as a Bose system. Observe that the symmetry of the underlying Latin squares leads to the
property that no two elements in row j and column j of that Latin square are the same, provided that
the positions are restricted to the “upper right triangle” of the square. Assume to the contrary that
io(t+1)=(i+1)o(i+2) =¥ i < m. Then there would exist two blocks in the Bose system of
the form {(¢,1), (¢ 4+ 1,1), (¢,2)} and {(: + 1,1), (i + 2, 1), (¢,2)}, containing the same pair of points and
hence violating the defining properties of an STS. If the square is symmetric, then i o (i + 1) = ¢, and

(i+1)oi=4¢, sothat (i +1)o (i +2)#L.

Claim 2.1. Let SQ be a symmetric and idempotent Latin square of order 2m-+1 not divisible by seven,
with an entry in row i and column j chosen according toioj = (i+j)/2 mod (2m+1). The STS arising
from SQ does not contain a set of four blocks with six different points, i.e., a Pasch configuration.

LDPC codes derived from STSs free of Pasch configurations have minimum distance at least siz [18].

Proof. In order to prove the claim, consider the following two properties of the square SQ): there are no
Latin sub-squares of order two contained within S@Q (property P1) and there do not exist two different
integers z,y such that z o (x o (x oy)) = y (property P2). The presence of a sub-square of order two
implies the existence of integers i # [ and j # k such that iok =[loj and ioj = [ o k. Since the
order of the square is odd, this is impossible for the given construction since it leads to ¢+ = [ and
k = j. The second property can be easily shown to be true by observing that for the given construction,
zo(xo(roy)) =y is equivalent to (7/8) x+(1/8)y =y, i.e. to 7|2m+ 1, which contradicts the starting

assumptions regarding the order of the Latin square. O

We classify next the possible ways in which Pasch configurations resulting from type 1 and type 2
triplets may arise and show that a necessary condition for their existence is that either property P1 or
property P2 holds. Since neither of the two properties is satisfied for the described Latin squares, it
will follow that the STS based on S is Pasch-free.

1. A Pasch configuration cannot consist of more than one type 1 triplet; if there were at least

two type 1 triplets, say {(z,1), (z,2), (z,3)},{(y, 1), (y,2), (y,3)}, © # y, then these two triplets would

bt



contain six different points, and it would be impossible to add one more triplet.

2. A Pasch configuration formed from type 2 triplets only may have blocks of the form:

{(5,1),(, 1), (105,2)}, {6, 1), (k, 1), (i 0 k,2)}, {(1, 1), (5, 1), (Lo 5, 2)}, {(, 1), (K, 1), (Lo k, 2) },

withi#1,j#k,ioj=10ok,and iok =1[o j; this is equivalent to property P1.

3. A Pasch configuration formed from type 1 and type 2 triplets has to be of the form:
{(z,1),(2,2), (2,3)},{(2,1), (5, 1), (a,2)}, {(2,2), (a,2), (b, 3)}, {(2,3), (b, 3), (y, 1)}

This implies that zoy =a, xoca=0b, xob=1y, i.e. zo(xo(roy)) =y, and is equivalent to property
P2.

Codes based on the described STS and codes based on an OC consisting of type 2 triplets only will be
referred to as STS LDPC and OC LDPC codes, respectively. For a Latin square of order 2m+-1, the num-
ber of parity-checks for both STS and OC codes is v = 6m + 3, while the number of variables in the first
case is (3m+1)(2m+1) = v(v—1)/6, and in the second case 3m(2m+1) = v(v—3)/6. The girth of the
code-graph is guaranteed to be six, since by the very definition of an STS (an OC system) every pair of
points belongs to exactly (at most) one block. Since the STS and OC systems described above are Pasch-
free, it follows that the resulting codes have minimum distance at least six. An STS code has minimum
distance exactly equal to siz. This can be seen by considering the following set of six blocks from the STS,
three of which are of type 1 and three of which are of type 2: {(z, 1), (x,2), (z,3)},{(v,1), (y,2), (v,3)},
{(z1),(22),(2,3)}, {(2,1), (y,1), (2,2)}, {(2,2), (y,2), (2,3)}, {(#,3), (y,3), (2, 1)}, where z, y, and 2
are pairwise distinct and such that z = x o y. These six blocks correspond to six variables, and the

points (I, k),l € {x,y,z} and k = 1,2, 3, correspond to nine different checks repeated exactly two times.

2.1 Parity-check matrices of codes based on Cayley Latin squares

Since for every type 2 triplet {(¢,a), (j,a), (i o j,a+ 1)} in an STS or OC based on Latin squares there
also exist two “shifted” blocks {(i,a + 1), (j,a+ 1), (ioj,a+2)} and {(i,a +2), (j,a + 2),(i0j,a+ 3)}
with the values a,a+1,a+ 2, a+ 3 taken modulo 3, the parity-check matrix of the corresponding LDPC
codes can be decomposed into highly structured blocks of size three. This can be rigorously demonstrated

as follows. Let us label the points (i,a), 1 < i < 2m + 1, a € {1,2,3} of the Bose STS and OC by



the integers 3 - (i — 1) + a. Additionally, let us index the blocks in such a way that type 1 triplets are
numbered according to the value ¢ of the first coordinate of their points, and index the type 2 triplets
lexicographically but with all their shifts in consecutive order. In this setting, type 1 triplets introduce
2m~+1 columns H™ in the parity-check matrix H. These columns contain three consecutive ones in the
vertical direction as shown in Figure 1 a) for m = 2. Similarly, the sub-matrix H® of the parity-check
matrix H corresponding to type 2 triplets has a regular structure with 2m + 1 blocks of size three per
column and m(2m + 1) blocks of size three per row. By using the standard notation for the all-zero
matrix 0, identity matrix I and the basic circular permutation matrix P, the section H® of H for
m = 2 takes the form shown in Figure 1 b).

Let a column of blocks (matrices of size three) in H be called a block-column, and name the same
structure corresponding to rows a block-row. For example, in Figure 1 b), the stacked collection of blocks
(I 10 P?0) represents a block-column. It is straightforward to see that H® can be partitioned into 2m

sub-matrices [,

M, M,,, > where sub-matrix M;, 1 <7 < 2m, contains exactly 2m-+1—1 block-

columns. The structure of a sub-matrix can be described as follows: the i-th block-row of M; consists
entirely of I matrices. Additionally, I matrices within M; appear along the block-diagonal (i + [,1),
[ > 1. The positions of the permutation matrices P? can be determined from the description of the
Cayley Latin square: in block-column [ of the sub-matrix M;, P? is in block-row [(2i+1)/2] mod (2m+1)
if [ is even, and in block-row [(2i4+1+2m+1)/2] mod (2m+1) if [ is odd. Tt suffices to construct only M;:
Mj can be obtained from M; by retaining only the first 2m — 1 block-columns, and cyclically shifting
the block-rows. Similarly, M, can be obtained from M; by taking the first 2m + 1 — ¢ block-columns
of M, and shifting the block-rows cyclically by i — 1 positions. The matrix H® is regular in the sense
that there are exactly two I matrices and one P? matrix per block-column. Furthermore, the number
of P? and I matrices in H® per block-row is m and 2m, respectively.

Throughout the rest of the paper we focus our attention on analyzing OC LDPC codes and their
corresponding parity-check matrices. A similar study can be conducted for STS LDPC codes, and for
generalizations of OC codes resulting in LDPC codes of column weight four. These results will be

presented elsewhere.



3 Latin squares free of sub-squares and stopping sets in LDPC
codes

Based on the constructions outlined in the previous sections, it is straightforward to see that the presence
or absence of certain sub-configurations in the Latin square influences the characteristics of the Tanner
graph of the resulting code. For example, Pasch-free OCs based on Cayley Latin squares produce codes
of column-weight three with minimum distance at least six. Pasch configurations represent a special case
of a stopping set [2], [15]. A stopping set . of a code is a set of variables such that all checks connected to
3} are connected to at least two different nodes in that set. The size of the smallest non-empty stopping
set of a parity-check matrix H is called the stopping number of H and it represents a lower bound for
the minimum distance of the code. The next results show that for OC LDPC codes there exists a more

general relationship between stopping sets and configurations in the underlying Latin squares.

Definition 3.1. A partial sub-rectangle of a Latin square is a partially or completely filled v X s sub-
array of not necessarily adjacent entries where each column and row contain at least two elements and
each entry appears at least twice in the array. The number of filled positions in a partial sub-rectangle
1s called the size of the partial sub-rectangle and denoted by w. Clearly, m < r-s. For completely filled

sub-squares and sub-rectangles one has T =1r-s, and r,s > 2.

It is straightforward to see that a partial sub-rectangle gives rise to a stopping set of size 7 in an

OC code. Furthermore, every stopping set corresponds to a partial sub-rectangle.

Lemma 3.1. An OC LDPC code constructed from a Latin square L of order 2m + 1 has no stopping
sets of size four if L € Ny, where Ny is defined as in Def. 2.3.

Lemma 3.2. If the Latin square contains a partial sub-rectangle of order r X 2, where r > 2, then the

resulting OC' LDPC' code contains at least three stopping sets of size 2r.

Proof. A sub-rectangle of size r x 2 leads to a set of blocks of cardinality 2r, with each point contained

in the blocks appearing at least twice. O

Theorem 3.3. If a Latin square of order 2m+ 1, used to construct an OC LDPC' code according to the
Bose method, does not contain partial sub-rectangles of size 7, then the stopping number of the code’s

(incidence) parity-check matriz H is at least m + 1.



Proof. The proof is a straightforward consequence of the previously described results. O

It is known that Cayley Latin squares of odd prime order and squares isotopic to them have no
proper Latin sub-rectangles [21]. Therefore, # > 5 since there do not exist partial rectangles with

T =5.

Theorem 3.4. Cayley Latin squares of prime order ¢ > 5 and squares defined by (i + j)/2 mod q
(which are isotopic to Cayley Latin squares) have point-block parity-check matrices with stopping number

goc = 6.

Proof. First, recall that Cayley Latin squares are N, squares, so they do not contain proper Latin
sub-squares or sub-rectangles. Therefore, for 7 = 6 assume without loss of generality that the partial
sub-rectangle of interest is in one of the two staggered forms (S7) or (S3), with entries (a, 3) or (a, 3,7)

as shown below.

Ji J2 J3 Ji J2 J3
i1 *x [ « i ok a 8
(S1) (S2) (1)
in O a * g a K* 1
iz a x [ i3 B0 *

The defining equations for («, ) in the (S7) structure read as

ht+js—l=o Gt+jp—-l=a @+jp—1=a modyg, )
i1+j2_1:ﬁa i2+j1_1:ﬁa Z3+J3_1:ﬁ mOdq7
where o # (3, the values i1, 75, and i3 are pairwise distinct, and the same is true of ji, js, and j3. A
suitable addition and subtraction of the six equations in (2) shows that the values of the parameters

a and [ have to satisfy @« =  mod ¢. But this is impossible, since both a and 3 are bounded from

above by ¢ and by assumption a # (. It is straightforward to see that every Cayley Latin rectangle



must contain a partial sub-rectangle of the form (S3). An example for ¢ = 7 is shown below.

(1234567
2 3456 71
3456712
456712 3 (3)
56 71 2 3 4
6 712345
712345 6|

Codes based on Cayley Latin squares also contain stopping sets of size seven. This can be seen based

on the two possible structures ? for partial rectangles of the forms (D;), (Dz) shown below:

J1 J2 3 J1 J2 Js
il n ﬁ (6% ’il * ﬁ «
(D1) (D2)
19 ﬁ (O (5 ﬁ a - n
i3 x n B i3 a n *

It is straightforward to see that type (D) partial rectangles exist in Cayley Latin squares. Type (Ds)
partial rectangles with j3 = jo+1 = j; + 2, i3 = 15 + 1 = 77 + 2 are also present in Cayley Latin squares,

which is a simple consequence of the defining equation for these Latin squares. O

The structures of the stopping sets corresponding to sub-rectangles of the form (S3), (D;) and (Dy) are
shown in Figure 2. The stopping sets induced by (S3) sub-rectangles define a codeword, while those
induced by (D;) and (Ds) do not correspond to codewords. Furthermore, each of the stopping sets
shown in Figure 2 contain short cycles: the (S3) structure contains both an eight- and a twelve-cycle,

while both (D) and (D3) contain exactly six six-cycles.

2or a transpose/symbol permutation/symbol reassignment thereof

10



4 Sub-squares of Latin squares and trapping sets in OC LDPC
codes

We discuss next the relationship between the structure of trapping sets [13], [16] in the code graph
of an OC LDPC code and partial sub-rectangles in the corresponding Latin square. We restrict our
interest to elementary trapping sets which are defined as subsets of variable nodes of the code graph
with the property that their induced subgraph contains check nodes of degree one and two only [10].
If an elementary trapping set contains €2 variables and © check nodes of degree one, then it is said to
have parameters (2,0). Certain classes of elementary trapping sets are known to contribute to the
emergence of high error floors in BER curves of codes used over the AWGN channel [13], [16].

For OC LDPC codes, the constraint on the structure of an elementary trapping set translates to the
requirement that in a sub-rectangle of the underlying Latin square each symbol appears at most twice
and that each row in the partial rectangle contains at most two entries. Equivalently, any collection
of type 2 triplets containing the same point at most twice corresponds to an elementary trapping set.
It is straightforward to see that OC LDPC codes contain (2,5) and (2,6) trapping sets. We focus on
trapping sets for which €2 > 3. There exist many possible structures for partial rectangles satisfying the

previously described constraints, five of which are shown below.

o o I J1 J2 J3 J1 J2 Js3
J1 )2 Ji J2 Ji J2 J3
i1 * a % 1w * B n
() iy « B8 () iy a g T iy « B n (T4 (T5)
o B on * s C p *
i N G ia N ¢ in ¢ p *
i3 * * ( is T * A

The sub-rectangles (T1), (1), (T3), (Ty) and (T5) involve a small number of variables and hence corre-
spond to trapping sets with small values of ). The parameter © of the trapping sets depends on the
relationship between the values of the elements in {«, 3,... ,(}.

Sub-squares of the form (7}) induce the following set of three blocks in the corresponding OC:

{(ila 1)7 (j2> 1)7 (ﬁa 2)}7 {(i2> 1)7 (jl, 1)7 (777 2)}7 {(iQa 1)7 (j?a 1)7 (Ca 2)}

11



For 3 # n the resulting configuration represents a (3,5) trapping set, shown in Figure 3 a). Other-
wise, it represents a (3, 3) trapping set, since in this case two rows of weight one in a (3,5) trapping set
have to be merged into a row of weight two. Observe also that since it must hold that n # ( and 8 # (,
no (3,2) elementary trapping sets can arise from a sub-rectangle of type (7). This is due to the fact
that the three points (i1, 1), (j1,1) and ((,2) all appear ezactly once in the blocks (4).

Partial sub-squares of the form (73) result in the following set of three blocks:

{<i171)7<j171>7(a72>}7 {<i171)7<j271)7<672)}7 {(i271)7(j171)7<7772)}7 {<i271>7<j271>7<C72>}'

This set of blocks represents a (4,4) elementary trapping set shown in Figure 3 b), provided that
a # ( and B # n. If either « = ¢ or f = 7, but not both equalities are simultaneously true, the
resulting configuration is a (4,2) elementary trapping set. It is straightforward to see that type (73)
sub-rectangles with both set of parameters described above exist in a Cayley Latin square. On the other
hand, sub-rectangles with &« = ¢ and = 1 do not exist in Cayley Latin squares. Consequently, OC
LDPC codes based on Cayley Latin squares contain (4,2) and (4, 4) elementary trapping sets, but they
do not contain (4, 0) trapping sets - i.e. they do not contain codewords of weight four.

Partial sub-rectangles of type (73) produce the following four blocks:

{(ilal)a(anl)a(ﬁaQ)}a {(ilal)a(j?nl)?(n?Z)}v {(Z.Zal)a(jlal)a(CaQ)}a {('L.Zal)a(j%l)?(p>2)}

Provided that 5 # (, n # ¢, and  # p, the resulting configuration is a (4,6) elementary trapping
set shown in Figure 3 ¢). If 3 = ¢ or n = p, but not both equalities are simultaneously true, the
sub-rectangle induces a (4,4) trapping set. Finally, if 5 = ¢ and n = p the OC LDPC code contains
(4,2) trapping sets.

Partial sub-rectangles of type (T4) produce the following four blocks:

{(i171>7(j271>7(a72>}7 {(i2,1)7<j1,1)7(ﬁ,2)}7 {(i271)7(j271)7(7772>}7 {(ig,l),(jg,,l),(C,Q)}

Provided that the parameters «, , n and ( take distinct values, the resulting configuration reduces to
a (4,8) elementary trapping set shown in Figure 3 d). If ( = 1 and a # [, the resulting configuration
corresponds to a (4, 6) elementary trapping set. For ( =7 and a = 3, a (4,4) trapping set is introduced

into the code graph.

12



Partial sub-rectangles of the form (75) induce the following set of four blocks

{(i1,1), (2, 1), (B, 2)}, {(81, 1), (3, 1), (. 2) 1, {(42, 1), (G, 1), (€, 2) 3,
{<i271)7<j271)7<p7 2)}7 {(i371)7(j171)7(7-7 2)}7 {<i371)7(j371)7()‘72)}'

Provided that 8 # (, ( #n, ( # X\, 7 # (B, 7 # n, and T # p, the configuration of blocks described

above produces a (6,6) elementary trapping set shown in Figure 3 e). If exactly one of the equalities

B:Ca C:nv C:)‘a T:ﬁ, T=", and T=p

is satisfied, the configuration (7}) induces a (6, 4) elementary trapping set. If n = p = 7, then one parity-
check in the induced graph has degree three, and consequently the configuration does not correspond
to an elementary trapping set. If 5 = ( and in addition, one of the equalities n = p, n = 7, or p = 7 is
true, then the resulting configuration corresponds to a (6,2) trapping set. By setting 8 = (, n = 7, and
A = p one obtains a stopping set corresponding to a codeword of weight six.

Similarly to stopping sets, the trapping sets described above also contain embedded cycles. For
example, a type (T3) set with o # (, 8 # n contains an eight cycle involving all checks of degree two,
as can be seen from Figure 3 b). For the case that § = n or a = ¢, but not both are simultaneously
true, the resulting trapping set contains a six-cycle. Similarly, for type (75) sets, either a six-cycle,
eight-cycle or 12-cycle are present in the code graph, depending on the relationship between the entries

in the corresponding sub-rectangle of the Latin square.

5 Classification of Six-Cycles

We conduct next a classification of six-cycles in OC LDPC codes. It suffices to first identify all block-
cycles, representing special closed paths formed by the size three I and P? matrices. To make the notion

of a block-cycle more rigorous, we need the following lemma from [4].

Definition 5.1. Let an LDPC code be defined by a parity-check matrix consisting of glued permutation
blocks P of order D, for some set {i;} of non-negative integers. The Fan sum is defined as iy — iz +
iy —tg + -+ iy_1 — iy mod D, where ij,j =1,...,2l denote the cyclic offsets of the permutation

matrices encountered in a closed path of length 21 within the parity-check matriz.
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Lemma 5.1. The parity-check matriz of an LDPC code consisting of glued permutation blocks P' of
order D, for some set {i;} of non-negative integers contains cycles of length 2l provided that there exist

non-negative integers iy, ... ,ig such that their Fan sum is identically equal to zero.

A block-cycle can now be defined as a closed path involving non-zero blocks in the parity-check
matrix for which the corresponding Fan sum equals zero. A block-cycle with exactly six blocks will be
denoted by Cg.

Consider an OC LDPC code involving type 2 triplets only. In this case, a Cg cycle can occur for
the following patterns of I and P? matrices listed below. Note that whenever allowed by the structure,
block-rows and block-columns can be arbitrarily permuted.

Class (a): Only I matrices participate in the formation of a block-cycle (Figure 4 a)). In order
to construct a six-cycle including only I matrices, one needs two pairs of I matrices from two different
block-columns of one sub-matrix M;, and one block-column from a sub-matrix M;,j # i. Since the

block-column from M; is uniquely determined by the choice of the first two block-columns, one has

2m—+1—1

5 ) possible Cy cycles for a pair of columns chosen from the matrix M;. The total number

exactly (

n, of block-cycles of this type is equal to

2m—1 .
2m+1—1 m 9
= =—(4m° —-1).
Mg E ( 5 ) 3(m )

i=1

Observe that the largest number of block-cycles of this form is contained in M;.

Class (b): Two P? matrices within the same block-row participate in the formation of a six-cycle
(Figure 4 b)). For each pair of P? matrices in one block-row, there are exactly four possible Cy cycles,
since for every P? there are two choices for the I matrix in the same block-column. Hence, since there

are m matrices P? per row, one has (’g) pairs of I matrices to choose from. This results in
m
ny=4- (2) 2m+1)=2-2m+1)-m(m—1)

Cs cycles of the above described form.
Class (c): Two P? matrices in two different block-rows, connected through a pair of I matrices,
are part of this type of Cg cycle (see Figure 4 ¢)). Note that in order to close the cycle, one must also

include two I matrices. A Cg cycle consisting of two P? matrices connected by a pair of I matrices
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can be formed by starting from any P? matrix, and then choosing one out of exactly two I matrices
within the same block-column. After that, there are 2m — 1 choices for another I matrix within the
same block-row. The P?-matrix in the corresponding column is unique, as well as the “closing path” of
the Cg cycle by a pair of I matrices (having the same row indices as the two P? matrices). In this way

each Cj cycle is counted exactly twice. Therefore,
ne=2-(2m—1)-m(2m+1)/2 = m(4m?* — 1).

Class (d): Exactly one P? matrix per block-row and per block-column participates in the cycle (see
Figure 4 d)). For each P? matrix one can form a Cg cycle of this type from three I and three P? matrices.
Starting from any P? matrix, one can choose one out of two I matrices in the same block-column for
the second point in the block-cycle. Afterwards, one can choose freely any of the m P2-matrices in the
corresponding block-row. Finally, there is at least one and at most two choices for the next I matrix.
This is due to the following fact. The two I matrices and the unique P? matrix in block M; and within
block-column j are in block-rows ¢, i + j and (2i + j)/2 mod (2m + 1), respectively. Once three of
the matrices are fixed as described above, there is a unique choice for a pair of block-columns with the
specified coordinates. But the second chosen I matrix may belong to the same block-row as the initially
chosen P? matrix, in which case no Cg cycle can be completed. If a cycle can be completed, the last
matrix in the block-cycle is uniquely determined by the previous choices. Due to the regularity of the

construction, the number of Cg cycles of this type is the same for all choices of P? matrices. Hence,
ng > m2m+1)-2m/3 =2-m*(2m +1)/3, and ng < 4-m?*(2m +1)/3,

since it is not possible to determine exactly if one or two choices for the second I matrix are possible.

The count above shows that the number of Cy cycles of an OC LDPC code is at least
m
3 (32m* — 4m — 10)

i.e. O(m?®). The actual number of cycles in the bipartite graph can be obtained by multiplying the total

number of C cycles by three.
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6 Applications of cycle-enumeration techniques

The results of the analysis presented in Section 3, 4, and 5 can be used to modify the OC LDPC
code design process in order to eliminate some undesired cycles, stopping or trapping sets. Due to
space limitations, we will focus only on methods aimed at decreasing the number of six-cycles. Two
such methods are described in Section 6.1 and Section 6.2, were the parity-check matrix of an OC
code is restructured in terms of increasing the size of its permutation blocks or deleting some of its

block-columns.

6.1 Modifications of the parity-check matrix of OC LDPC codes

Based on the classification of cycles described in Section 5, we show next how to eliminate the class (d)
Cg cycles by simply increasing the dimension of the permutation blocks and all-zero matrices. Increasing
the dimension will result in the same number of block-cycles but more cycles of class (a), (b) and (c)
will emerge. The increase in the number of class (a), (b) and (c) cycles will be compensated by the

decrease in type (d) cycles.

Lemma 6.1. Assume that the parity-check matriz of an OC LDPC' code is modified by changing the
order of all its sub-matrices from three to five. Then the OC LDPC code contains no Cg block-cycles
of type d), and no additional Cg block-cycles nor block-cycles of length four are introduced into the code

graph.

Proof. For the case of class (a), (b) and (c) Cg cycles, the Fan sum is identically equal to zero, since all
positive terms in the sum are cancelled out. Only for the class (d) block-cycles does the Fan sum equal
to —6 = 0 mod 3. If one increases the size of the blocks in the parity-check matrix of such codes to
D =5, the Fan sum cannot take the values —5 or 5, since all its summands are even. Hence, the sum
must have absolute value equal to 10. This implies that at least five P? matrices are encountered on
such a path, which is impossible based on the fact that every block-column of the parity-check matrix
contains at most one P? matrix. Furthermore, the increase of the block-size to D = 5 does not introduce
a block-cycle of length four, since the maximum Fan sum for a block-cycle of length four has to have

absolute value 8. This completes the proof. O

We will refer to the technique described in lemma 6.1 as the order modification method. 1t can be easily

shown that an OC LDPC code constructed according to the order modification method, for sufficiently
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large m, has a twelve times smaller number of cycles of length six then a code of the same length

constructed according to the standard Bose method.
6.2 Structured removal of six-cycles

We show next how to shorten OC LDPC codes so as to decrease the total number of six-cycles in their
Tanner graphs. An analysis similar to the one described below can also be performed for other cycle
lengths.

It is straightforward to see that removing the first block-column in block M; of the parity-check

matrix eliminates at least

e 2m — 1 class (a) block-cycles of length six that contain the first block-column;

e 4-(m — 1) block-cycles of length six formed by the P? matrix in the removed block-column and

another P? matrix within the same block-row;

e 2. (2m — 1) block-cycles of length six formed by the P? matrix in the removed block-column and

an additional P? matrix, connected through a pair of I matrices;

e 4 -m block-cycles of length six formed by the P? matrix within the removed block-column and

two other P2 matrices within two different block-columns.

Let us assume that we removed j — 1 block-columns from M;, starting from the leftmost position.
Removing the j-th leftmost block-column results in breaking up 2m — i — j + 1 block-cycles of class (a).
The number of block-cycles of class (b), (c), (d) that are broken by removing the j-th column depends
on how many and which columns are removed from other blocks. One can observe that the number
of class (a) cycles eliminated by the procedure described above depends only on the sum of the block
index ¢ and the index j of the block-column within its corresponding M; sub-matrix. This, of course,
is true only if the first j — 1 block-columns in M; were already removed. Consequently, the removal
of the j™ block-column in M; breaks as many class (a) block-cycles as the removal of the (j — 1)
block-column from the sub-matrix M;,;. One way to perform structured removal of block-columns is
to delete the first s block-columns from block Mj, the first s — 1 block-columns from block M,,..., and
one block-column from My, for some fixed value s. This process results in the most simple parity-check
matrix structure, and it leads to shortened codes with very good performance. The integer value s can

be chosen in such a way as to achieve a desired rate for the code.
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Theorem 6.2. Let s = m — 1 be an even integer. Then the number of class (a) and (b) block-cycles
after the removal of the first s block-columns from My, the first s — 1 block-columns from Mos,..., the
first block-column from M,_1, equals

72(2”? D (m; 1), and 16(2‘) +16 ((3m ; 5)/2> +12 ((m 21)/2),

respectively.

Proof. In order to find the number of block-cycles of a given class after block-column removal, one has
to first count how many / and how many P? matrices are erased from each of the block-rows. It is
straightforward to see that s identity matrices I are removed from each block-row indexed by ¢, where
1 <t < s+ 1. Since the position of a P? matrix within the j** block-column is uniquely determined,
one can obtain the following distribution for deleted P? blocks, which holds for s < m —1. The notation

BR is reserved for the index of the block-row, and N for the number of deleted P? matrices.

BR 2 3 ... s/241 s/242 s/24+3 ... s m+2 m+3 ... m+s/2 m+s/2+1
N 12 ... s/2 s/2-1s2-2 .. 1 1 2 . s/2-1 5/2
BR m+s/2+2 m+s/24+3 m+s/24+4 ... m+s m+s+1
N s/2 s/2—1 5/2 —2 2 1

For block-row indices BR not listed above, the number of deleted P? matrices is zero. This shows that

the number of class (a) block-cycles after block-column removal equals
2m—1 .
2m — s 2m —1i+1 2m — s 2m —s+1
1 = 1 .
() 2 () e () ()

By replacing s = m — 1, the above expression reduces to the result claimed in the statement of the

theorem. One can also show that the number of class (b) block-cycles after block-column removal equals

s/2—1

4 4; (m;i)+3(m_25/2)+2<";) (m—s+1)
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The last expression is a consequence of the fact that in exactly four block-rows we erased p permutation
matrices P?, forp=1,...,5/2—1, and in exactly three block-rows we erased s/2 permutation matrices
P2. No P? matrices are erased in the remaining 2(m — s + 1) block-rows. Substituting s = m — 1 gives

the desired result. O

Remark 6.3. Note that there does not seem to be a simple method for counting the number of class (c)

and (d) block-cycles after structured column removal of the form described in theorem 6.2.

7 Simulation Results

The performance of several high-rate STS and OC LDPC codes based on Cayley Latin squares used
over the AWGN channel is shown in Figures 5, 6, and 7. Observe that the rate of a code is denoted
by R, and that the parameters of the code are given in terms of (n, k), where n denotes the length,
and k£ the dimension of the code. The performance of codes obtained by structured shortening and
codes derived from the order modification method are evaluated as well. The plots are obtained by
Monte Carlo simulations with 50 iterations of the message passing algorithm and with 10000 — 100000
codeword blocks. All the bit-error-rate (BER) curves are compensated for their respective rate loss,
i.e. the signal-to-noise ratio is computed according to SNR = 10log,(FEy/No) = 10log,o(1/(2Ra2))
from the rate and the noise standard deviation of the AWGN channel. As can be seen from Figures
5 and 6, Cayley Latin square codes have performance almost identical to that of random-like codes of
comparable length and rate, constructed by MacKay, (see www.inference.phy.cam.ac.uk/mackay/).
The OC LDPC codes in Figures 5 and 6 are generated based on the Bose construction method with
parameter m as described in Section 2.1, and using only type 2 triplets. The resulting code parameters
are equal to n = 3m(2m+1) and k = 3m(2m+ 1) — 6m — 3. Structured shortening is performed for the
codes by removing block-columns from their parity-check matrices according to the strategy described in
Section 6.2: the first s block-columns are removed from block M, the first s —1 block-columns from Ms,
etc., and the first block-column is removed from block M. Overall, the code is shortened by 3s(s+1)/2
columns and has length n = 3m(2m + 1) — 3s(s + 1)/2 and dimension k = 6m? —3m — 3 — 3s(s + 1) /2.
Figure 5 shows the performance of codes of length approximately 1000. The first curve corresponds
to the (1053,972) OC LDPC code, constructed from a Cayley Latin square with m = 13, rate R = 0.923

and with no columns removed (s = 0). The (1026,897) code with rate R = 0.874 is constructed from
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a Cayley Latin square with m = 21 and s = 33, by removing exactly 1683 columns. Compared to
MacKay’s (999, 888) random code of rate R = 0.889, the (1026, 897) code shows almost no performance
loss.

Figure 6 shows a comparison of several codes of length around 4400. The code with parameters
(4455, 4290) of rate R = 0.963 is generated from a Cayley Latin square with m = 27, for which one has
s = 0. The (4350,4137) code of rate R = 0.951 is generated from a Cayley Latin square with m = 35
and s = 45, so that 3105 columns are removed from the original code. The third code with dimensions
(4455, 4032), generated from a Cayley Latin square with m = 70 and s = 129, results in a rate R = 0.905
code. These codes are compared to MacKay’s (4376,4095) random code of rate R = 0.936. As can be
seen, the shortened codes show a competitive performance up to a bit error rate of 107°.

Figure 7 shows the effect of modifications of the parity-check matrix of OC LDPC codes, namely the
order modification method, described in Section 6.1. The figure shows Bose LDPC codes generated by
Steiner triple systems having sub-matrices of order three, denoted by “dim3”, as well as their counterpart
OC LDPC codes of increased block-size D = 5, denoted by “dimb”. The increase in dimension is
achieved by replacing all order three I and P? matrices in the parity-check matrices of the Bose LDPC
codes (with the structure shown in Figure 1 b)) by corresponding I and P? matrices of order five. No
shortening of the original parity-check matrix was performed for these test-codes.

The (4134, 3975) dim3 code and the (6890, 6500) dimb code, both of rate R = 0.962, are constructed
from a Cayley Latin square with parameter m = 26, the (2709, 2580) dim3 and the (4515, 4200) dim5
code of rate R = 0.952 are generated from a Cayley Latin square with m = 21. Furthermore, the
(759,690) dim3 code and the (1265,1100) dimb5 code have rate R = 0.909 and are generated from
a Cayley Latin square with parameter m = 11. The plot shows the effect of the increased order of
the submatrix reducing the number of block cycles of type (d) (see Section 6.1) without introducing
shorter-length cycles. For E,/Ny=5.5dB, it can be seen that the dim5 codes clearly outperform their
dim3 counterparts.

Additionally, Monte Carlo simulations performed on the (1053,972) OC LDPC code with parameter
m = 13 revealed that for high SNR values, most error patterns not corrected after 200 iterations
of belief propagation correspond to elementary trapping sets. An analysis of error-frames at 6.5 dB
for the decoder implementation A2 described in [10] showed that sets of variables corresponding to

(3,5) trappings sets of type (1)) were frequently in error. The channel outputs for the three variables
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in the trapping sets were strongly biased towards the wrong decision and an interesting “oscillation
phenomena” was detected. At every even iteration, the set of variable nodes in error corresponded to
a (3,5) trapping set, while the set of variables in error at odd iterations usually included more than
200 variable nodes. Other types of elementary trapping sets detected during decoding include the (75)
configuration corresponding to a (4, 8) trapping set.

Acknowledgment: The authors are grateful to the anonymous reviewers for very helpful and
insightful comments that largely improved the presentation of the results in the paper and the quality

of the exposition.
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Figure 1: Structure of the parity-check matrix of an OC Bose-type code with m = 2.

NN AN T N TN~
11111122\2,

AN
82535330 =

— N N N N N N

N
A
SN~—

1
0 01 00 10

1

0
0

1

0
01 00 0 O

1
01 0 1 0

1

10 0 0 0 O
0 00 0 01
001 0 0 1
01 0 0
000 01 01

1

2)
2)

(ilv 1)
(in 1)
(i37 1)
(j1,1)
(jo, 1)
(js, 1)
(a,2)
(8,

(7,

0000
000 1
0100

g

U
24

10 01 0 0O
10 00 0 10

Figure 2: Three types of stopping sets in OC-LDPC codes.



1 0 0 0 O

1

(ilal)

o O —HO O O OO

— O O o oo

S = OO OO o O

— O O O - OO

oo —HO —H O O O

O — O+ O O OO
TN AN N N~ T

o~ O o\ o Bia o)

S EEn S0 I K<
—

(19,1
(j27

S N e e e e N

Figure 3: Elementary trapping sets in OC LDPC codes.
Figure 4: Classification of six-cycles in the parity-check matrix of an OC Bose-type code with m > 2.
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Figure 5: BER versus E,/Ny (dB) for different choices of code length approximately 1000 with and
without column removal.
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Figure 6: BER versus E},/N, (dB) for different choices of the code length approximately 4400 with and
without column removal.

26



Bit Error Rate

| —8— Bose, dim3 (4134, 3975, R=0.962) <

10°%H + =B~ Bose, dim5 (6890, 6500, R=0.962) :

f| —@=— Bose, dim3 (2709, 2580, R=0.952)

[| ' =0=" Bose, dim5 (4515, 4200, R=0.952)

[| === Bose, dim3 (759, 690, R=0.909)

[| + =A== Bose, dim5 (1265, 1100, R=0.909)
T T T

| | |
2 2.5 3 35 4 45 5 55
E,/N,[dB]

10

Figure 7: BER versus E,/N, (dB) for OC Bose-type codes (dim3) and order-modified codes (dim5).
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