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Abstract

We introduce a new family of unequal error protection (UEP)codes, based on low-density parity-check
(LDPC) component codes and Plotkin-type constructions. The codes are decoded iteratively in multiple
stages, and the order of decoding determines the level of error protection. The level of UEP among the code
bits is also influenced by the choice of the LDPC component-codes, and by some new reliability features
incorporated into the decoding process. The proposed scheme offers a very good trade-off between code
performance on one side and encoding/decoding and storage complexity on the other side. The novel
approach to UEP also allows for finding simple approximations for the achievable degrees of UEP, which

can be used to govern practical code design implementations

1 Introduction

Low-density parity-check (LDPC) codes are iteratively decodable codes on graphs that exhibit capacity ¢
proaching performance over binary erasure and additive white Gaussian noise (AWGN) channels [2]. T

near-optimal performance of LDPC codes over these standard channels suggests that they may also
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good error-correcting performance when used over channels with non-uniform characteristics. The goal
this paper is to explore one possible LDPC code design and decoding scheme for such channels. M
specifically, we propose to investigate the application of iterative decoding methods for channels that requ
unequal error protection (UEP). UEP of data is a necessary system requirement for many practical appli
tions, including joint coding for parallel channels with non-uniform noise statistics, robust transmission c
still images/videos over wireless channels, and storage on holographic memories. The code design prob
for non-uniform channels reduces to constructing codewords, which, when transmitted over a uniform che
nel, have the property that different parts experience different effective noise powers. Such a situation usu
arises when the codewords can be divided into frames, according to the importance of the information tt
convey. For storage applications, UEP schemes can be used to simplify the data processing architectur
the system, although at the cost of a certain performance loss.

We propose to design UEP-LDPC codes based on the algebraic Plotkin construction, and to decode
codeword frames in multiple stages. For this technique, one starts with a set of random-like and/or structu
LDPC codes as the basic components, and then creates a code of long length in an iterative fashion.
component-codes are decodadividually, and in multiple rounds. The underlying soft-decision decoding
algorithm operates iteratively on two different levels: one, the level of the Plotkin construction itself, an
another, the level of iterative decoding of the component LDPC codes. The results of the individual decodi
processes are combined in a manner that guarantees UEP characteristics for the component-codes. Th
coding algorithm also incorporates a reliability feature — a threshold function that describes how the outpt
of the component decoders ought to be combined. The UEP features of this scheme can be vaguely see
arising both from the irregular structure of the parity-check matrix, where different blocks of variable node
have different degrees, and as an inherent characteristic of the decoding scheme employed for the compor
codes. A decoding method with only the first of the described features was also investigated by Dumer &
Shabunov [3, 4] for soft-decision decoding of Reed-Muller (RM) codes [10], although without any referenc
to UEP.

The UEP techniques described in this work are conceptually fundamentally different from previousl
known UEP schemes [15], [12], [16]. In [15], the effect of applying the direct sum or Plotkin construction
on the UEP performance of the resultant code was investigated. The resulting sepasition vectqra
vector which quantifies the UEP properties of a code, was described in terms of separation vectors of

component codes. A different approach to UEP was pursued in [12], [16], where codes with such propert



were designed by using irregular LDPC codes. The technique proposed in this work is based on a speciali
decoding algorithm that exploits the special “nested” structure of the code and is therefore different from bc
the approach in [15] and the schemes in [12], [16]. Furthermore, as will be demonstrated subsequently, th
exist simple approximation methods that can be used to estimate the different protection levels of Plotkin-ty
LDPC codes. These estimates can be used to govern the practical code-design process.

The outline of the paper is as follows: in Section Il we introduce the Plotkin-type construction, relevar
terminology and definitions, as well as the multi-stage, multi-round decoding algorithm. We also propose
novel method for constructing UEP codes based on LDPC component-codes. In Section Il we describe h
the Plotkin-type construction can lead to an UEP scheme, and analyze the UEP levels offered by the r
decoding scheme. Additionally, we propose several modification of the basic decoding algorithm that furth
improve the performance of the coding scheme of interest. Simulation results and conclusions are preser
in Section IV.

Throughout the paper, all derivations and simulations are performed for BPSK-modulated codewor
transmitted over an AWGN channel, with noise samples generated according to the distriig¢iag; ).

The proposed UEP techniques and the corresponding analysis can be extended in a straightforward ma

so as to apply to other classes of memoryless channels.

2 Plotkin-Type Constructions and Multi-Stage Decoding

The Plotkin construction, also known as g1+ V| construction, is a code design method which increases the

length of the code by combining component-codes in an additive manner [10]. For the sake of completene

we will briefly review the most relevant characteristics of this and related construction strategies.
Definition 1: Assume that two code€; andCy, with parametergn, ky, d;] and[n, k,dy] are given. The

Plotkin codeC with component€; andC; is defined as:
C = {|ujutv],u € Cq,v € Cp}, (1)

where|| denotes word-concatenation. The parameters of the€ade[2n, (k; +k2),d = min(2d;,d;)]. The
codesC; andC, will be referred to as theomponent-codedNote that the first half of the codeword contains
ky information bits, while the second half contakssinformation bits.

The Plotkin construction can be applied recursively up to a prescribed degfor example, if each of



the component-codewordsandyv is itself of Plotkin-type, constructed from codes with componéaisv )
and(uy, V), then

u=|ugjus+vi|, v=|uzluz+Vva|.

The componentéuy,vi) and(uz,v2) can themselves be taken from a Plotkin-type code, and such a “nestec
construction” can be extended up to depth For a depthm Plotkin-type code, the longest component-
codes specifyingC (i.e. u andv) will be called depth-one component-codashile those definings and

v are adequately nametkepth-two component-coded his terminology extends in an obvious manner to
components at any given depth. Note that ther@adeptht component-codes, fdr< | < m. The generator

and parity-check matrix of a Plotkin-type code of depthk- 1 are of the form:

G1 G Hy 0
GO |t poo | T , 2

0 G H, Hy
whereG; andH; represent the generator and parity-check matrix of the cGdes= 1,2, respectively.
Plotkin-type codes usually have very good error-correcting properties. For example, the well-known cla
of Reed-Muller codes [10] can be devised in this manner.
There exist many other code construction techniques closely related to the Plotkin method. Examp
include the(a, b, x) construction [10], and extensions thereof, described bellow.
Definition 2: Let C; be a code with parametelrs ky, ds], and letC, be a code with parametejrs ko, dp]. A

codeC defined according to

C={|la+x|b+x|a+b+x|,abeCy,xeCy}, (3)

is called an(a, b, x)-type code. The length & is 3n, while its rate iS2R; + Ry) /3, with Ry = k1 /n, R =ka/n.

The generator and parity check matrix of @b, x)-type of code are of the form:

G G G Ho Hy Hy
Gabx=| Gy 0 Gg |,and Hapx=| Hy 0 Hy |,
0 G1 Gl 0 Hi Hp

whereG; andH; represent the generator and parity check matrix of the cGdeés= 1,2, respectively.



Let us briefly describe some of the properties of Plotkin-type codes of depthl based on LDPC
component-codes, under standard encoding and message-passing decoding.

First, the component-cod€s andC, of a Plotkin-type code can be chosen arbitrarily from the class of
linear codes; hence, LDPC codes are good candidates for this technique. For most LDPC codes, the
coding complexity scales as a square function of the length of the code. But Plotkin-type of encoding
performed in several stages, using short information sequences. This implies that for emdepstruction
of resulting lengthN, the component-codes are of lendili2™, and can be encoded much faster individu-
ally than jointly. Additionally, LDPC component-codes can be decoded using the sum-product algorithn
There are several additional advantages for using LDPC component-codes in the described setting: firs
the component-codes can be very long, and yet efficiently decoded producing soft outputs; secondly, one
choose some component-codes to be structured while others to be random-like. In this way, the performa
of the coding scheme can be traded for storage and encoding complexity and vise versa. This is why, we \
focus exclusively on Plotkin-type codes with LDPC component-codes.

The next observation is that in order to ensure large error resilience for a given set of variable nodes, i
desirable to have these nodes involved in as many check-equations as possible. Hanegegpect the first
half of the variables in a Plotkin-type co@eto have a higher level of error protection than the second half.
But such requirement can be seen not to be sufficient in general. Good irregular codes usually have a det
distribution optimized with respect to the overall codes’ performance. Large degree nodes in the code gre
have a high level of error-protection during the first several iterations of belief propagation, but due to the na
separable nature of iterative decoding, these nodes also tend to improve the decisions of the low-degree n
in the final stages of decoding. Hence, for good irregular codes there should be a very small difference in-
error-protection levels of the nodes (see Figure 11 for an illustration of this phenomena). Furthermore, in
arbitrary irregular LDPC code many low-degree variables may share a check with a variable that has lal
degree; such a configuration tends to cause unreliable information to propagate to reliable variables. T
observation would suggest the need to design a code structure where nodes of high degree share many ct
with other nodes of high degree, and very few with low-degree nodes. A code design approach satisfyi
such constraints is clearly very hard to devise. This is why an alternative solution, like the one pursued in tl
paper, is desirable.

Itis also to be noted that V) has a block-row with two identical copies ld placed side by side. Hence,

any column inHz with ¢ > 1 non-zero entries introduces at legS} four-cycles in the Tanner graph of the



code. Consequently, treompletecode graph of a Plotkin-type LDPC code necessarily has a large numbel
of cycles of length four. This implies that decoding Plotkin-type LDPC codesglobal iterative fashion

will produces very poor results, regardless of the quality of the component-codes. On the other hand, as \
be shown in the next section, Plotkin-type codes can be decoded in multiple stages: each stage involves
component only, and one can repeat the different decoding stages multiple times. If the component-co
have Tanner graphs without short cycles, then such a decoding method does not lead to a poor performe
of the general scheme. It is also worth pointing out that the multi-stage decoding process nfialynot
exploit the codes error-correcting potential, but it can be analytically shown to achieve a very good quality
UEP differentiation. The multi-stage (MS) decoding algorithm, and its multi-round (MR-MS) version will be

described next.
2.1 Multi-stage (MS) Decoding

Plokin-type codes are inherently suitable for MS decoding. The MS decoding process can be most ea:
described in terms of the binary tree representation of the component-codes hierarchy. The tree is constru
by starting from a root node, representing a codeveosdC. Two branches leave the root node: one, the left
branch, leads to the component ok, and is labele®; the other, the right branch, leads to theomponent,
and is labeled.. The same procedure is repeated recursively, starting with the companants/ as root
nodes. Hence, each component-code at deyihthe Plotkin construction has an equivalent binary represen-
tation{a}{" ;. The binary representations are assumed to be orderedstetheardlexicographical order. A
vectorain such an ordered list is said to be ranked higher than a vectbit is positioned anywhere below
b. Decoding is performed only on depthcomponents, such that a component of higher rank is always
decoded before one of lower rank. For the sake of simplicity, we will describe the decoding process only f
depthm = 1 codes. The generalization to larger valuesa$ straightforward.

Let the transmitted codeword ke|uju+v| = {7} ; € {—1,1}", and the received vector lpe= {y;}]! ; €
R". Assume that all the transmitted bits are equally likely. For the described setting, we defing-the
likelihood L,y and th%preadjiy (following the same terminology as in [3]) of theh symbol of the wordy

as
Ll =log(p(z = 1/y1)/p(z = —1/¥)) = 2i /0%,
S =p( =1/%1) - p(z = —1/yi) = tani( L),

Lety’,y” denote the left and the right half of the received vegtoil he log-likelihoods and spreads of the



i-th coordinate of the two halves pfarel)/, Lly/, SR/ andjiy/, respectively. It can be shown th&Y andLﬁ//
are both distributed according to the Gaussian distribud®/o2,,4/02,). Fornoise-freeransmission, one
has:

v=y +y’" mod 2 4)

For och # 0O, the above formula can recover only an estimate,aind the available information for finding
the estimate consists of the likelihoods and the spreads of the various coordinates (bits) of the received ve
z. By invoking the well-known duality principle [5], it is straightforward to see that the spread and the log-

likelihood of thei-th coordinate of the word can be determined as:
§=5 L =tanh (). (5)

Sinceu is used in constructing both halves of the codewgrine needs to distinguish between the two inci-
dences ofi. These will be denoted by andu”, while the respective log-likelihoods of theith coordinate
will be denoted by ¥ andLY". Clearly,LY = Y.

The MS decoding process can now be summarized as follows.

e Step 1 — Computation of the log-likelihoods of \Erom the received vectoyr, the log-likelihood LY
and the spreadY are evaluated. Based oﬁ andSiw, the spread and log-likelihood efare computed

according to (5).

e Step 2 — Decoding of VT he log-likelihoods oW evaluated in Step 1 are used for soft-input, soft-output

decoding. The output of the decoder for codewoisl denoted by.

e Step 3 — Computation of the log-likelihoods of u’ and uAs already showrl, " = LIVJ, while LY can

be determined based on the soft outputhis is accomplished by observing thatit= —1 then,

YR p(ui+vi=—-1/yi)\ v
H _'09( oG v = 1) >‘_"' ’ ©)

while if O = 1, thenLY = Y. In summaryL¥' =v,Y".

e Step 4 — Decoding of uThe values of.Y andLY" represent the log-likelihoods of thieh coordinate

of two repeated observations wf namely|u’ |u”

. Based on these observations, the log-likelihoods of



the coordinates af can be obtained according to:
LY=L L (7)

Finally, LY is used to initialize the decoder far which subsequently produces the estimate

A pictorial description of the algorithm is provided in Figure 1.

Example 1 — Decoding Deptim= 2 Plotkin-Type CodesFor a depth two Plotkin-type code, the channel
output sequence can be represented in the fpem|yt|y?|y3ly?| = |y’ |y’ |, where,y’ = |yt|y?| andy” =
ly3|y#|. The log-likelihoods and spreads wfcan be computed according to (5), as described for the MS
algorithm above. These results are then used to compute the spregdaatl this component-codeword is
decoded first. The log-likelihoods and spreadsoéire calculated according to (6) and (7), using information
provided by the decoder output fes. Using the decoder output fou,,v,), the log-likelihoods and spreads
of u are evaluated according to (6) and (7); a similar procedure is performed in order to find estimaies for

andus, thereby leading to an estimate of the complete codeword.
2.2 Multi-Round, Multi-Stage (MR-MS) Decoding

Based on the description of the MS algorithm, one can observe that once the complete codeword is deco
using a soft-output decoder, new (and more accurate) estimates for the log-likelihoods of the component-co
are available. This suggest that one should perform the MS decoding algorithm in an iterative (recursi.
manner. For example, after one round of MS decoding, the log-likelihood values at the output of the iterat
decoder foru, rather than the original channel information, can be used to find an improved estimate fc
v. Such an iterative scheme is meaningful sinceuttmmponent after decoding usually has a significantly
reduced number of errors, compared to the same component before decoding. In other words, at each rour
decoding, better estimateswére used to improve the estimatevoflWe will refer to this repeated application

of MS decoding as to theIR processA description of the MR-MS algorithm for a Plotkin-type construction
of depthm = 1 is summarized below. As noted before, a straightforward extension is possible for decode

operating on codes of depth> 1 as well.

e Step 1 — MS Decoding of u and Based on the channel log-likelihoos¥ | LY |, the MS decoding

algorithm is executed to obtain soft-output estimates foutaedv component, termed,),vy1;.



e Step 2 — Iterating the MS algorithmThe round-counting index is sette= 2. For aj-round decoder,

the following instructions are followed:

(1.) The log-likelihood values -1 of the output of the decoder fory,_;, are computed.

(2.) The MS decoding data is initialized to%-2 | £Y"

; complete MS decoding is performed to obtain
new estimates for the component-codes, naragly andv,,. The counting index is increased;—
r+1.

(3.) Steps(1.) and(2.) are repeated, unless= j. Forr = j, the decoding process is terminated. The

final estimates ofi andv are of the formuy,, andvy,.

3 Plotkin-type UEP Schemes: Intuition and Analysis

In this section, we will describe why Plotkin-type constructions with MS or MR-MS decoding provide for
UEP of the transmitted component-codewords. We will also perform an analysis that shows the approxim
levels of error protection achieved by the different components. The analysis will be presented for a dep
one construction only, but it can be extended to higher depths as well. In order to simplify the analysi
we will define the notion of arquivalent channel Although not all distributions of the noise present in
the component-codes at various stages of the decoding algorithm are Gaussian, we will only use the first:
moments of the variables involved, and assume that for all equivalent channels considered the Signal-to-N¢
Ratio (SNR) is defined as for a Gaussian channel. Recall that the SNR for a Gaussian channel variable v
distribution A’(m, 6?) is defined asr?/o?. These ideas are formalized by the following sesihplifying
assumptions:

Assumption L For a Plotkin-type construction, the means and variances of the noise “embeddedtin the
andv components during and after decoding will be used to specifycarivalent Gaussian variable An
AWGN channel corresponding to such a random variable will be referred to aqthealentAWGN (or
simply, equivalent) channel. Furthermore, if the mean and variance of two var¥btesay, aramn,, 02, and
my, 05, we say that the variables experience an equivalent channel SNiZd£ = n/oZ. This implies that

for a variableX experiencing the same channekasind for whichmy, = 1, one would haver)z(’equi\,: c§/m§.

Assumption 2: The log-likelihood variables of different component-codes at any decoding stage are assum

to be independent. A similar assumption was also used for conducting the analysis in [3].

1This is, in essence, equivalent to the Gaussian approximation method described in [2]



Assumption 3: For the proofs of Lemmas 2-5 only, it will be assumed that no errors are present at an
previous stage of the MS or MR-MS decoding process. Alternatively, any component-code is assumed
be decoded based on perfect estimates provided by higher-ranked components (a valid assumption for |
SNRs). This assumption was also used in [4], for the purpose of determining the effective minimum distan

of RM codes under a special form of MS decoding.
3.1 Analysis of MS Decoding: The Perfect Decoder Model

Let us start by characterizing the equivalent channel for the compen®&ased on (5), it is straightforward
to show that the noise variance of the equivalent channel experienaed b = og‘h, provided thatgp, — oo.
The same result was proved in [3], based on the factEf&f ~ cgh“. The following Lemma describes the
equivalent channel of for the cases, — O.

Lemma 1: Forocy — O, the variance of the equivalent channel experienced by t@mponent-codeword,
02, equalso?,

Proof: Based on the analysis in [4] it can be seen that
E[SY] ~1—+/T/2 och exp(—1/202,). (8)

, . 2
Therefore,E[S'] = E[SY ] E[SY | ~ (1— VT2 Och exp(—1/20§h)> . lgnoring higher order terms in the

expansion of the square leads to the following approximation:
E[S] ~1—2/T/2 o¢ exp(—1/20%)). (9)
Since Formula (8) holds for any Gaussian variabfecan be obtained from the following equation
1—+/T/2 oy exp(—1/202) = 1—2,/T/2 o exp(—1/20%). (10)

Consequently2och exp(—1/ 20§h) ~ 0y exp(—1/202). By taking logarithms of both sides of the last asymp-

totic equality, and by neglecting lower order terms in the expansion (in thid@gs®,)), one obtains:

Oy = Och/ \/ 1— 202 log(20¢h)
= Och (1+ 0%, log(20¢n))  (sincel/v/1—x~1+x/2 for x — 0).



Repeating the above bootstrapping process showsthaton(1+ oghlog 2) &~ Och. [ ]

For bothog, — « andocy, — 0, by invoking Assumption 3 and (7), it holds thgt = Lﬁ/ + L,y/. Hence L}

is distributed according te\(4/0%,8/02), as bothz) and " are Gaussiam\((2/024/c2,) variables.

This shows thati experiences an equivalent channel with noise variaxﬁg)éz The last result now clearly
demonstrates how a UEP gradation is achieved by a Plotkin-type code construction and MS decoding. -
vectorv is decoded first, by using “indirect” information, and therefore experiences an equivalent chann
degraded compared to the original one. On the other hawdn be estimated from two different parts of
the codeword, and therefore has a higher level of error-protection. For high-depth Plotkin constructions the
exists a fine gradation in the error protection quality. Additional variations in error protection levels can b
also achieved by suitably choosing the component-codes. It is worthwhile to point out that with this scher
a gradation of UEP levels can also be achieved for different parts afiftienation sequenceMore details
about UEP properties of the information symbols are provided in Section 3.3.

The next lemmas describe the equivalent noise-variances experienced by component-codes at diffe
depths. The results are derived based on the binary tree representation of the Plotkin construction and
sumption 3. The two caser, — o andog, — 0 are treated separately.

Lemma 2. Let a component-cod€.ompof a Plotkin-type construction of depth have the binary represen-
tation {ai}!:y | < m. The equivalent noise varianc%ompl experienced b¥comp for och — o, is obtained

from the recursion:

2 .
o 4/2, ifa=0
2 compi-1/ % )
Ocompi = 4 _ (11)
Ocompi—1- if g =1,
2 _ 2
whereog,m, o = Ogp, -

Proof: For large values obh, v experiences an equivalent channel with noise variaxﬁg;ewhereaSJ ex-
periences an equivalent channel with noise varia]rﬁﬁ¢2. Every right branch followed (corresponding to

a bita; = 1) in the binary tree results in squaring the noise variance; similarly, every left branch followec
(corresponding to a b#; = 0) leads to halving the noise variance. This proves the claimed result. =
Lemma 3: Let a component-cod€:ompOf a Plotkin-type construction of depth have the binary represen-

tation {a;}|_,, | < m. The equivalent noise varian(éomp, experienced b¥comp for ach — 0, is obtained



from the recursion:

2 .
(0] - 1/2, ifg =0,
0-gomp,i = (2:0mp| 1/ _ (12)
Ocompi-1 if g =1,
whereoZ, o = Oa, -
Proof: The proof follows along the same lines as the proof of Lemma 2. (]

Remark 1: Note that the results of Lemma 2 and Lemma 3 show that the operations performed on the equ
alent noise variance differ only when a bjt= 1 in encountered in the binary representation of a component-
code.

The above Lemmas can be generalized for the case of MR-MS decoding as demonstrated below.
Lemma 4: Let a component-cod€.ompof a Plotkin-type construction of depth have the binary represen-
tation {a;}!zl, | < m. The equivalent noise varian«:%ompI experienced b¥comp for aeh — o, and forj

rounds of MR-MS decoding, is given by (11), where

Ogomp1 = Oan/(J+1), for g =0,  0%,,1 =0g/|, for az=1. (13)

Proof: During the first round of MR-MS decoding, bothandu+v experience channel noise with variance
cgh. At the beginning of the second round of MR-MS decodingexperiences an equivalent channel with
noise variances?,/2. The log-likelihoods ofu+v are fixed to the channel estimates throughout the whole
decoding process. In other words, the second half of the codeword always experiences a channel with ni
varianceo?,. This implies thaE[S’] ~ (Tch/v/'2) 2 oghz. Therefore, during the second round of decoding,
v experiences a channel with equivalent noise variarjce 0&,/2. The log-likelihoods of the first half of

the codeword are now distributed accordingXg8/02,,16/02,), while the log-likelihoods of the second
half of the codeword are distributed accordingtg(4/0%,,8/02,). Based on (7) and Assumption 3, one
can show that the log-likelihoods afare distributed according ®((12/0%,24/02,). This is equivalent to

the statement that experiences a channel with noise varianéﬁ/& Repeating the argument iteratively, up

to j-th round of decoding, shows thatandv experience equivalent noise variano,%’ﬁ/(j +1) ando‘c"h/j,
respectively. These variances are used as the initial values for the recurrence described in Lemmas.
Corollary 1: The equivalent noise variance experienced by any component-code at a fixed stage of MS ¢

coding, decreases with the number of rounds the MR process.



Proof: As already shown, the component-codes at depth one experience equivalent noise vaﬁf';ﬁ(lj:es
1) andcf;h/j after j rounds of MR-MS decoding. These variances clearly decrease pihereases. Hence,
components at higher depths also experiences channels with equivalent noise variances decreajsing wi
This is due to the fact that the initial conditions for the recursion of Lemma 4 are determined by the depth-o
component-codes noise variances only. [ ]
Lemma 5: Let a component-cod€:ompof a Plotkin-type construction of depth have the binary represen-
tation {a;}|_;, | < m. The equivalent noise v('alrian«:x%omI experienced b¥comp for ach — 0, and for |
rounds of MR-MS decoding is given by (12), where

Ogomp1 = Oan/(j+1), for a; =0,

(14)

2 2
Ocomp1 = Ochs for g = 1.

Proof: In the first round of decoding, botln andu+v experience an equivalent noise variamxgﬁ. In the
second round of decoding, the first half of the codeword experiences a channel with equivalent noise varia
02,/2. As in Lemma 4, the log-likelihood values afrv remain fixed, implying that the second half of the
codeword always experiences an equivalent noise variaﬁ{:eHence, forocn, — 0O, according to (8), one

has:
E[S] ~ (1 /12 (0u/v2) exp(~1/0Z) ) (1 /T2 oon exp(~1/202,))
~ 1= /T2 (0en/V/2) exp(~1/0%) — /T2 Och exp(—1/20%,).

Applying the bootstrapping technique as described in Lemma 1, one can prove that based on (15), the eq

(15)

alent noise variance observed bys asymptoticallytfgh. It can also be shown thatexperiences the same

noise variance?, independently from the number of rounds of MR-MS decoding. On the other hand, the

noise variances experienced byan be derived in the same way, aa@ of the same form, as described in

Lemma 4. ]
Example 2 — Effective Noise VarianceBased on Lemma 2-5, one can show that a depth 2 and

j = 1-round MR-MS decoding algorithm results in equivalent noise variances of the four component-code

equal to

02,/4,08./4,06,/2, and a8, for Och— o; 6

2 2 2 2. :
05,/4,05,/2,05,/2, and o, for och—0;



3.2 Analysis of MS Decoding: Incorporating Decoder Error Probabilities

The results of the previous subsection do not provide sufficiently accurate approximations for the exact for
of the equivalent noise variances, due to the fact that they are based on the assumption that no deco
errors occur in any of the component-codes (Assumption 3). This assumption is, of course, not valid f
low-to-medium channel SNR values. For these SNR values, the properties of the component-codes, as
as the characteristics of the decoding algorithm, have a strong influence on the equivalent noise variar
In this section, we will show how to find more accurate approximations for the special case of Plotkir
type constructions with iteratively decoded LDPC component-codes. For this purpose, we will use Gauss
Approximation (GA) technique for density evolution presented in [2]. Sincethefirst component to be
decoded, we can use the expressions for the equivalent noise varianaksiged in the previous subsection.
For large values ofign, 02 = a3, while for small values ob¢h, 02 =02,

Assume that the densities of the messages passed during sum-product decoding are Gaussian varie
LetA(x) andp(x) be the degree distributions of the variable and the check nodes, respectively. For an AWG
channel with noise varianc&gh, the message variables can be approximated by Gaussian variables distribute

according taA\((t;, 2t ). Here, the mean,, at thel'" iteration of sum-product decoding is given by [2]:
o . d -1
=3 pj@ | 1— 1= Ng(s+ (i —1)t 1) : (17)
2 2,

whered, andd; are the maximum degree of the variable and check nodes, respectivel=a2b?,. The

functiongis defined as:

1— ﬁfﬂtanhg exp(— (“Z)’(()z)du if x>0

®(x) =
1 if x=0.

The equations above imply that for a left-regular code with variable degafter| iterations of sum-product
decoding, one can approximate the log-likelihoods of the variable nodes by Gaussian variables, with distrik

tion A'(s+it;,2(s+it;)). Consequently, the probability of error aftaterations [2] of sum-product decoding

S+t
Pe=Q ( > ) . (18)

can be approximated by:




WhenA; =0, andocy, — 0, t) ~ d’(i — 1)', whered’ is a positive constant that depends on the degree distri-
bution of the code andonly [2].

Lemma 6. The equivalent noise variance of the channel experienced bye output of the sum-product
decoder fow, is 032 = 2/(s+it)). Here,s= 2/a%,, for agn — o, ands = 2/a2,, for ocnh — 0.

Proof: The proof is a straightforward consequence of the observation that the log-likelihoods of variabl
nodes aftel iterations of sum-product decodin@},’(l), can be approximated by a Gaussi&{m; = s+
it;, 02 = 2(s—+it|)) variable, wheres = 2/02, ando2 depends ow?, as described in previous subsections
Theorem 1 The mean and the variance of the variaqll‘é are approximately equal #(1 — 2pe)/c5§h and
4/02, + 16pe(1 — pe)/0a, respectively. Consequently, the mean and the variance of the vatihtalee
4(1— pe)/0%, and8/03, + 16pe(1 — pe) /04, respectively. Herepe denotes the bit error probability of

and is given by (18).

Proof: Assume without loss of generality that the all-ones codeword was transmitted. An error oceurs in

whenvyj is decoded te-1, so that from (18) it can be shown that:

p{Vi=—-1}=pe, p{Vi=1}=1—pe,
ENi] = (—1)pe+1(1—pe) =1-2pe, ENi?] = (—1)2(pe) + (1)?(1— pe) = 1.

Note that[,,y/ is distributed according ta((2/0%,4/0%). Therefore, based on Assumption 2 and the fact

thatLY" = v ¥, one has:
E[LI"] = (1-2pe) 2/0%, E[(LI")?] = 4/0%,+4/0%, (19)

This implies

02(LY") = 4/0%, + 16pe(1 — pe) /Ot (20)

Based on Assumption 1 it therefore follows that the equivalent noise variance experienced by the compon
u” is 02, = (02,+4pe(1— pe)) /(1—2pe)?. Observe that sincel — 2pe)? < 1, it holds thato2, > 02,. Since
LY is distributed according ta((2/02,,4/02,), (7) implies

E[LY] =4(1—pe)/0g,  0%(LY") = 8/05,+16pe(1— pe)/Th-



Hence,u experiences a channel with equivalent noise variance

2 2
2 %+ 2pe(1-—pe) _ 0,
o, = 21— po)?2 z (21)

For pe = 0, the result reduces to the expression in Lemma 2. dgor O, it follows that the UEP gradation

level betweeru andv is actually smaller than shown in Lemma 2, under Assumption 3. (]
3.3 Improved Reliability-Based Decoding

For a Plotkin-type construction of high depth, the first few codes to be decoded will experience a significant
degraded equivalent channel. The reliability values of their code bits are used in all subsequent decod
steps, and may be detrimental to the overall performance of the decoding scheme. It is therefore desirabl
modify the decoding process in such a way as to include only very reliable estimates from previous decodi
stages into the re-evaluation process of the log-likelihoods of subsequently decoded components. Hel
instead of always summing up the likelihoods of both halves of the vactar’ |, one can choose to perform
this step only for sufficiently reliable-based estimates. This can be accomplished by using a threshold
the following way. If|LY| > t, whereLY denotes the log-likelihoods of the-th bit of ¥, thenL! = LY + LY,
otherwiseL' = L}J'. The threshold may also be taken to dependsénitself, and be adapted according to
the channel quality at hand. We will refer to the above described iterative decoding methods as the thresh
multi-stage (TMS) and adaptive threshold multi-stage (ATMS) algorithms.

Analysis of the ATMS Decoding Algorithm: For the ATMS algorithm, the log-likelihood values of the bits

of u are given by:

LY + LY, for |LY] > t(oen)

LY, otherwise

This is equivalent ta.} = LY + LY, where

L,y/, for G =1, |LY| > t(oeh)
Linew:

—L,y”, for Vi = —1, \I:}’} > t(Och),

0, otherwise



The conditionsj = 1 and |L}| > t(oen), are equivalent to the conditidty > t(acn), and similarly, = —1

and{li}’] > t(0ch), are equivalent tdY < —t(agp). Therefore,

2 for LV > t(ogn)
Linew:

—L,w, for LY < —t(oeh),

0, otherwise

Under Assumption 2, it follows that:

E[LP*] = E[2 |} > t(@en)]p{LY > t(oen)} + [ £ |8} < ~t(Gen)]p{LY < ~t(0en)} = Z-(Pr~ P2),

wherep; = Q (t(o—>> andp,=1-Q (L> Similarly, one has
E[(L]'*")?] = (4/0g,+4/0g) (P1+ P2),
02(LP*") = 4/0%,(p1+ P2) +4/0g(P1+ P2 — (P1— P2)?).

When combined with the fact that' is distributed according to((2/0%,,4/02,), the last equation implies

that under TMS decoding one has:

E[LY] = 2(1+ p1— p2)/0%,
0?(L") = 4(1+ p1+ P2) /05, +4(P1+ P2 — (P1— P2)?)/Og,

A good choice for the threshold can now be obtained by maximizingthgvalentSNR experienced by

(SNR, as shown below), with respectt@c):

. (1+p1—p2)?
SNR = 02n(1+P1+p2)+(Pr+P2—(P1—P2)2) (22)

3.4 Properties of UEP-Plotkin Schemes

Before presenting the simulation results, we would like to briefly describe various advantages offered by t
Plotkin-type UEP scheme.
Thek; + ko information bits of a Plotkin-type codeword are divided in such a way that the first half of the

codeword containk; information bits, while the second half of the codeword cont&nsmformation bits.



From the analysis provided in the previous sections, it can be seen that the first half of the codeword is be
protected than the second half of the codeword. Consequently, one may expect that khenfiostnation

bits have better error protection than the remainoformation bits. Hence, a gradation of UEP levels also
exists with respect to the information bits. This gradation can be further improved by an adequate choice of
generator matrices of the component codes [1]. It was shown in [1] that in many casgsitha encoding
matrix (for which information bits have the highest degree of protection) is systematic. Therefore, one ce
use systematic generator matrices for all the component codes, along with the aforementioned decoc
algorithms, in order to improve the quality of error protection for the information bits. Finally, by using
the Plotkin-type UEP scheme one can also obtaéiatively large number of information biteat have good
error protection. Consequently, the average SNR required to achieve a given BER for the technique propo

in the paper is much smaller than the one needed for the UEP scheme proposed in [16].

4 Simulation Results

In this section, we present the UEP BER performance of Plotkin-type LDPC codes under MS, TMS, ATM
and MR-MS decoding. The component-codes used in this comparative study include random-like coc
listed in [9], and two classes of structured codes. For all schemes investigated, half of the component-co
are chosen to be random-like, and half of the component-codes are chosen to have a mathematical struc
The first class of structured LDPC codes is base®mon setsdescribed by the authors in [6], while the

second class is a generalization of array codes [11]. Both families of structured LDPC codes are quasi-cyc

with parity-check matrices composed of powers of a basic, circulant permutation Raasxshown below.

paobo  paocbr  paobig
P1 P2 P3 . Pis
pairbo  parbr  parbia
Hs=| Ps P1 p2 . Ps1|, Hp= : (23)
Ps1 Pis P1 Pls2
par-1bo pa-1-bi  pa-1bra

Code Construction 1 —Hs: A set4 = {ay, ..., as} is called aSidon sebf orderg if all the sums

a, +a,+..+a,1<ii<ix.<if<s (24)



for 1 <r < g, are distinct. One simple construction for Sidon sgts based on the formula,

4={0<h<s—-1p"+BecGF(s)}, (25)

whereB is a primitive element o6 F(s'), for some primes. Let {ij}$ denote the exponents Bfin the parity-
check matrixHs. If {i;} is a subset of a Sidon sét, whereorder(P) = § — 1, then the code describes blg

has girth at least six. The simulation results shown in Figure 2-7, 9 are obtained for a3é@gttomponent-
code based on the Sidon 94&3, 72,244, 313 565}, for whichs= 5 andt = 4. The other component-code is
random-like, and of the same length, taken from [9].

Code Construction 2 -Hp: A generalized array code has a parity-check madgof the form shown in (23).
Here,ap,a1,...,a_1 andbg,bs,...,bs_1 are integer sequences avoiding solutions to specific sets of linear
equations, as described in [11]. Fader(P) = q= 311, a code graph specified I, with {g}3 = {0,1,3}
and{bi}3 = {0,3,7,18,31,50}, has girth ten [11]. The length and dimension of such a cod&&66and933
respectively. A code graph with variable-degree four and girth eight can be obtained by chmpesB&y,

with {a}3 = {0,1,2,3} and {g}8 = {0,3,5,17,30,49,102 131,226}. The length and dimension of the
resulting code ar&983and 4435 respectively. The simulation results involving these codes are shown in
Figure 8.

The results presented in Figure 2-9 demonstrate several important properties of the MS, TMS, ATV
and MR-MS decoding algorithms. First, it can be observed that the BERS’ vary to a great extent with tt
choice of the component-codes. This can be explained by the following arguments. When compared to
original channely experiences a relatively degraded channel. Hence, by choedimdelong to a code
with a powerful error-correcting capability, one can ensure less degradation in the overall code performan
Note also from Figure 2 th&* has a better performance th@i* (the descriptions of these codes are given
in the figure). This is due to the fact that the rate of the random-like code which is used forctiva-
ponent ofC** is very high, and hence its error-correcting potential is quite limited. Figure 3 shows twa
degrees of UEP offered by a depth-one Plotkin-type construction, under MS, TM®.86) and ATMS,
[SNRt(oen)] = [(0,1.1),(0.5,1), (1,1),(1.5,0.95), (2,0.9), (2.5,0.9), (3,0.9), (3.5,0.9)], decoding, with 15
iterations of sum-product at each level. The BER improvement for codes at depth one is not very significe
under TMS and ATMS, as compared to MS decoding. But as one incregasesonsiderable improvement

in BERs is observed for TMS and ATMS decoding. As shown in Figure 4nfer 2, there exists a substan-



tial enhancement in the performance of TMS-decoded (wit0.55) and ATMS-decodedSNRt(ogh)] =
[(0,1.83),(0.5,1.47),(1,1.25), (1.5,1.25), (2,1.1),(2.5,0.97), (3,0.86), (3.5,0.86)], compared to MS-decoded
Plotkin-type codes. The thresholds used are obtained from (22) and through several trial-and-error round:
simulation. The performance of the best protected part of the code under TMS decoding dhd®&gain,
while ATMS shows dl.5-dB gain in SNR, when compared to MS decoding. Figures 5, 6 and 7 show the per
formance of the above described codes under MR-MS decoding. Fixed thresholds were set to incorporate
reliability information. Furthermore, since the reliability of the decoded bitg iocreases with the number
of rounds of MR-MS decoding, the thresholds of the MR-MS decoder are taken to be a decreasing seque
(from one round to the next one). It is clear from the simulation results that as the number of rounds of MI
MS decoder increases from one to three, the performance of the component-codes experiences signifi
improvements. The simulation results indicate a performance gain of riedByfor the best protected part
of the codeword, whe@-round MR-MS decoding is used instead of MS decoding. Also, it is observed by
extensive simulations that the largest improvement in the performance of MR-MS decoding is achieved wh
switching fromj = 1to j = 2. The performance gain obtained fpr- 3 is not significant when compared to
the increase in decoding complexity. As a side remark, the apparent emergence of an error floor for seve
BER curves is due to themall numberof iterations (15 in this case) performed. By increasing the number
of iterations to 30, the error-floor vanishes. It is also worth pointing out that in the Plotkin UEP scheme, eve
the worst protected component codes show significant improvement with respect to uncoded signalling. T
is illustrated in Figures 3 and 6.

Based on the simulation results described above, one can also check the validity of the approximat
results described in Section 3. Lemma 2 and 3 indicate that for both the casgs-ef0 and oy — o,
one can expect 8B performance gain for the first half of the codeword under MS decoding, as compare:
to the performance of the component code associated with this part under standard sum-product decoc
From Figure 2, one can see an improvemer@.86B at SNR= 3dB (0., ~ 0.66) for the performance of the
first half of the code word under MS decoding, when compared to the performance of the component cc
under sum-product decoding. Since the two described BER curves are diverging, for very high SNRs one «
expect to achieve &B gain as predicted by analysis. But, for the case@f— o there is clearly n@dB
gain between these two curves. This validates the observation made in Section 3.2 which states that for
SNRs the assumption of no decoding error in certain decoding stages is not valid. Hence, one needs to

the improved approximation given in Theorem 1. B&tR= 0dB, applying Theorem 1 witlpe = 0.18 gives



a gain in performance d.004&IB, which is almost identical to the one observed by simulation. Also, by
Lemma 3 there is no loss in the performance of the second part of the codeword for large SNRs, and this
also be observed from the simulation results.

Figure 8 gives an illustration of the influence of the choice of code structure and design on achieval
levels of UEP. The most important fact to be noted for all these results ishthdest protected component-
codehas a significantly better performance than the best known LDPC codes of comparable length, rate ¢
decoding complexity.

The performance of onga, b,x)-UEP code construction is shown in Figure 9. The comporenthen
decoded using the MS algorithm, experiences an equivalent channel with very large noise variance. Since
other components of the codeword are dependent atl three component-codewords have large error rates
and no fine error-characteristic tuning is possible.

Figure 10 shows a comparison of the BER-performance of the scheme introduced in this paper and
LDPC-UEP technique described in [16]. The component codewomatsdv used for the Plotkin-type con-
struction are taken froni271,144 and[271 188 codes, respectively. The overall length and rate of the
code areb42 and0.58, respectively. The simulations are performed for a 3-round MS-MR algorithm with
10-iterations per component code. Another UEP cggdg was designed using Netto’s cyclic difference
families, as outlined in [16]. The parameters of the construction\are79 points, block-sizec = 3, and
with |C1| = |Co| = |C3| = 3, |C4| = |Cs| = |Cs| = |C7| = 1. The performance of.y¢ is shown for a total
number of60 iterations of sum-product decoding. The length of the cGdg is 553 while the rate i19.57.

The simulations show a significant improvement in the performance of the Plotkin-type codes as compal
to the irregular codes of [16]. One should also note that, in the Plotkin-type of construction the number
bits that are best protected231 as compared t@37 for (.4, While the number of least protected bits in
the Plotkin-type construction 871 as compared t816 least protected bits ig.q;. The average SNR per
codebit required to attain a given BER for a code of fa& offering four levels of protection in the Plotkin

scheme is nearly identical to that required for a code of@at@ obtained by the method in [16].
4.1 Irregular LDPC Codes and UEP

So far, several approaches to UEP coding based on the use of irregular LDPC codes were proposed, inclu:
the work described in [12] and [13]. It was tacitly assumed that UEP can be achieved by using non-unifor

degree distributions of variable nodes. Clearly, in such a setting, nodes of large degree are assumed t



better protected than nodes of small degree. We would like to point out that such findings are valid for tl

AWGN channel only under certain restrictions, including:
e A very small number of performed iterations of belief propagation;

e A two-level UEP scheme where only a small fraction of coded (or information) bits is guaranteet

additional protection;

e A very large number of required levels of UEP, of which only the best protected few components ten

to show significant improvements.

The reasons behind this phenomena can be deduced directly from the seminal paper on irregular code de
optimization [8, p. 586]. There, the well-known “wave effect” of LDPC iterative decoding is described. This
effect is a consequence of the fact that variable nodes of high degree get corrected first, consequently aic
in the process of error-correction of variable nodes of slightly smaller degree, all up to the level of the nod
of smallest degree. After a sufficiently large number of iterations, the wave effect leads to all variable nod
exhibiting the same level of error protection. This is illustrated in Figure 11, where the results for five differer
Progressive Edge Growth (PEG) [9] coding schemes are plotted. In the first four plots (viewed from the righ
the dashed curves correspond to the BER of a fracti@®&évariable nodes of largest degree, while the solid
curves correspond to the BER of a fraction5@%b variable nodes of smallest degree. When read from the
right, the codes have parametéé®0,300, [1000500, [600,300, and[1000500, and they correspond

to codes with non-optimized and optimized degree distributions for a given rdt&2pfespectively. The
optimizing degree distributions were obtained from [14], with maximum debBewhile the non-optimized
degree distribution was chosen so as to have only two possible degrees appearing with the same freque
namely3 and15. As can be seen from the figure, no UEP gradation can be detected for these codes af
50 iterations of iterative decoding. It is also worth pointing out that for the first code, the variable nodes ¢
higher degree actually exhibit a slightly worse performance than the variable nodes of lower degree. On
other hand, if one repeats the same experiments for a very small number of iterations, say five, the findir
are slightly different. For the degree-optimized length 600irregular LDPC code, é.5 dB one observes a
BER 0f9.24-10 3 and1.82- 102 for the lower and higher degree nodes. Similarly2.@6 dB, one obtains

the following BER values4.72-10-2 and1.55-102. In both cases, the slight increase in UEP gradation

comes at the cost of an overall performance loss of almost two orders of magnitude of the BER. Furthermc



observe that fod5 iterations of iterative decoding, and 26 dB the BER of the two components exhibit
negligible performance variations d24 - 10~% and8.15 - 10-°. The above described findings are consistent
with the ideas behind the wave effect, since only five iterations do not suffice to achieve a significant “sprea
of the wave.

The UEP properties of small fractions of variable nodes were observed in [12] and [13], but we woul
like to point out that for many applications of interest, one is actually concerned with providing protectiol
levels for a large portion of variable nodes. Finally, the fifth set of curves in Figure 11 corresponds to a
level variable node partition in a degree-optimized irregular LDPC code of length60Q As one can see,
after 30 iterations of decoding only the variables of highest degree of protection show a slightly improve:
performance, and only for high SNR values. This finding can be attributed to the fact that the number

iterations required to achieve the wave effect is dependent on the code length.

5 Conclusions

We analyzed both analytically and through extensive computer simulations, the properties of a novel, rec
sive, Plotkin-type construction of UEP-LDPC codes. The proposed technique is structured around a s
cialized multi-stage, multi-round iterative decoding algorithm, which provides for a high degree of erro
protection differentiation. Furthermore, the proposed UEP-LDPC scheme was shown to offer the possibiliti
of significant trade-offs between code performance, storage and computational complexity. This makes |

good potential candidate for practical applications where UEP of data is sought.
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Figure 1: Graphical representation of MS decoding for a depth-one Plotkin-type construction.
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Figure 3: Performance of tha|u + v| UEP scheme under MS, TMS, and ATMS decoding.
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Figure 10: Comparison of the performance of an MR-MS decoded Plotkin-type code (with thresholding) ar
the performance of the irregul@kq s code under standard belief propagation.
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Figure 11: Protection levels in irregular codes with optimized and non-optimized degree distributions



